Chapter 7: Completions

Example: the p-adic integers (Section 7.1)
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Pre-clage Warm-up!!

In the 2-adic integers, calculate
..1111.000 + 1.000 =

A D -1 = -l
B 1

C -1

D 10

E 11
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Calculate also ...10101011.000 x 3

(where 3 is a notation for the 2-adic integer
11.000)

..01 0101
% Vo
8000
+ O1 0| 0! IO
~ - Q0000
"\l



First definition of completion

Let M be an R-module and consider a filtration
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We define a distance function on M.
Let 0 <p < 1. We put, a,be M
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Proposition For all a,b in M we have
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Proposition / Exercise. This topology is

Hausdorff if and only if [\ M, < §0%
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Representing elements of M as sequences

Take a set of coset representatives
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We could call the elements of the list the
‘digits of m’.
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Example: The powers of the ideal (p) in Z.
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Elements m, m” in M produce the same list of

coset representatives if and only if
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Thus AL = O implies elements of M are
determined by these lists of elements.




Given Cauchy sequences (a_i) and (b_i) ina
metric space, in defining the completion of the
space, which (if any) of the following means that
the Cauchy sequences are equivalent?
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Proposition.
A sequence (m_k) of elements of M is a
Cauchy sequence if and only if
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Proposition

A Cauchy sequence in M determines a single
list of digits that coincides with arbitrarily long
initial segments of the digits of terms in the
sequence.

Two Cauchy sequences are equivalent if and only
if they produce the same sequence of digits.
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Definition. The completion M of M (with
respect to the filtration) is 4}, sgf-
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Question. Let M_i = (2MN)C Z and let p = 1/2.
What is d(48,96)?
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Proposition. The completion is

a. an R-module,

b. a metric space

c. the same as the completion of N\ /tg\o W,

d. if M =R andthe M_i are ideals, then it is a ring.
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Quesion: Is it obvious that the completion M
is an R-module?

A Yes, it is obvious.

B No, it is not obvious.




Question.

Is there any reason in normal high-school
arithmetic that we work with the real numbers
(rather than the algebraic numbers, for
Instance).

s it anything more than notational
convenience?

A Yes

B No




re-clage Warm-up!!

For each prime p we have constructed the p-

adic integers.
Are the p-adic integers

A countable?
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Notation and example. lf MW 1S an ‘4)25-/(

Some more properties we have already seen:

Proposition A
a. There is a homomorphism M -> M
with kernel va———N.y(m,m)m),.-)

b. The distance functign on M, extends to a
distance functionon M and M is complete.

Proposition. Let M4 be an ideal of R. Then the
ideal @4) of K, generated by WV has
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Categorical approach

Definition.

A diagram of R-modules & aﬁv\dN
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Pre-clags Warm-up!!!

Did we define what it means for a ring to be
complete with respect to a certain ideal?

A Yes

B No




Proposition. Limits of R-modules always exist and
are unique.
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Corollary. Given a filtration of a module M
RS M1C, M\‘;_ Mo = M

the completion of M is the same thing as the
inverse limit of the diagram
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Limits in terms of the constant diagram Proposition. Given a diagram F : C -> R-mod,
we have

Definition. Given an R-module N and a v F
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Corollary. Inverse limit is left exact.

Proposition.
Let Wrbe an ideal of R and
0->A% BF>C->0 be a short exact sequence

of R-modules. Then

0 -> A;;'-> Bf“,-> %-> 0 isexact.
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