Chapter 6: Representations in characteristic
p: beginnings

Proposition 6.1.1. Let k be a field of

characteristic p . Then
k(ﬂ/o@’ ) ot k-olghe

Theorem 6.1.2. Let k be a field of characteristic
p. Every k(x]/oa’)module is the direct sum of

cyclic modules
Ur = E[<3/0E)

where 1 <r<p”n
Each module U_r has a unique
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Let k be a field. How many distinct x} M
ideals does the ring k[x]/ (xA3) have? Quch T pave 4(&% q:) ok
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E 3|k| where |k| is the cardinality of k

F None of the above.




Definition, A module M is cyclic if it com he
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A module M is indecomposable if it is not

possible to write M =M, OM, withe
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Theorem 6. 1 2. Let G be a cyclic group of
order p~n,and k a field of characteristic p.
There arePiy isomorphism types of
indecomposable kG-modules, each cyclic and

uniserial . P R S
G TCo sl = UMEAANY [ ANMDIS AT N 50O 14
AN \ M I A | W Y / b U YR

r " ! "/ i .
78 ‘o = i ., l - [ __ . _ hJS |
o1 2 yF i~ e | A7) s - - | s Fy
- & " - " 74 -~ roF g | { P |
< [ |‘» 1Y FaVAY.:. 7 A% % f A VN N\ FFITAY ar L \
A UMD VALV ATC LI AT

pu o e K motula o 79)

LE" acts o5 Qmans £1| X0
(§) = (X)) (S s

,\L(, () =&

| hele comn _
k[x]/&) LSV &
"'3%;*‘““:,““ e o LM—M o

V\ol,( (/M\oomlou Also Lhisenalk .

" Jordan blocks. Diagrams



Mxe. dleod whak U HX]/@\
\fro(@ MﬁL

[t hesk: bokis

adf Q\a F’O A
X o O

lvO(T)) X+ (K(>) - )XV“LPQQV),

\{f | Wi o X&—’:Hj
\J\Léff =¥~ | f\_,(\ O

| X ¥y rx”)
I\V‘(u & (bodﬂf XL
2 (emnznds ®

2. Kvuu Sc,h,W\\A‘t *L"\QM&
Ul° \SDW\NKM\ ole com WﬁM
wh €D 'n pOSa LLS al{t uwuV)Q
&}I @Vée"\\‘ﬂ(hu”\ OV6/ a 'f\[,lét




Proposition 6.2.1. Let k be a field of
characteristic p and G a p-group. The only
simple kG-module is the trivial module.

Fun . -
Fact: Every maximal subgroup of a finite p-

group is normal of index p.
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POre-clage Warm-up

In the first question of HW1 we proved
that a 2-dimensional representation V
of S_3 over F_2, given by certain
matrices, is simple.

What is the dimension over F 2 of
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extitin
Another/\facgfor each prime p, every finite
group G has a unique largest normal p-

subgroup. This subgroup is denoted (") (G)
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Corollary 6.2.2. Let k be a field of
characteristic p and G a finite group. The
common kernel of the action of G on all the
simple kG-modules is O_p(G). Thus the
simple kG-modules are precisely the simple
k[G/O_p(G)]-modules, inflated to G.
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6.3 Radicals, socles, the augmentation ideal.

These definitions work for an arbitrary (non-
commutative) ring A with a 1.

Definition. If U is an A-module we put

Rad(U) =) {M | M is a maximal submodule of U}

If the intersection is empty we put Rad(U) = U.
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Llemma 6.3.1 Let U be an A-module.

a. Suppose M_1, ... ,M_n are maximal
submodules of U. There is a subset | of
{1, ... ,n} such that

U/MI1A...OMnY @ UM
LeT

which is semisimple.

b. If U has DCC on submodules then
U/Rad U is a semisimple module, and
Rad U is the unique smallest submodule
of U with this property.



Lemma 6.3.1 Let U be an A-module.

a. Suppose M_1, ... ,M_n are maximal
submodules of U. There is a subset | of {1, ... ,n}
such that
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U/M_TN ...
which is semisimple.

b. If U has DCC on submodules then U /Rad U
is a semisimple module, and Rad U is the unique
smallest submodule of U with this property.

Proof. Let 1<<{1, ... ,n} be maximal so that
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and argue%y contradiction. If not, there would

exist M_j with y M- $ M
re L

The homomorphism -F U —}(@U/M )@UMJ

has kernel vel
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It will suffice to show f is subjective.
Note that M & M -UJ
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If x isin U we can write x =y + z where

Let g: U >U/[\y\ d U/M_j

el
g is surjective because g(y) = (0, x+M_j),
g(z) = (x+{IM; ,0)
It follows that f is surjective because

f= g composed with the isomorphism

that identifm N m—fL B U/m;
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Llemma 6.3.1 Let U be an A-module.

b. If U has DCC on submodules then U /Rad U
is a semisimple module, and Rad U is the unique
smallest submodule of U with this property.




