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1. Introduction

This paper is concerned with matrix decompositions of the following form: if f(x,y) is a matrix, by
which we mean a function on the product of two discrete sets X and Y, we seek to write f = g + b,
where ¢ is a “good” matrix satisfying a certain regularity condition known as the mixed Hoélder condition
that we describe in Section 2, and b is a “bad” matrix that is nevertheless under control in some way.
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Such decompositions are encountered throughout analysis and its applications, such as in signal and image
processing [1].

In Sections 1.1-1.6, we briefly introduce the high-level ideas used throughout this paper. In Section 1.7,
we discuss the contributions of this paper.

1.1. Wawvelets and multiresolution analysis

We give a brief summary of some relevant facts from wavelet theory. Of particular concern to us will be
the notion of a multiresolution analysis of L?(R) [2-4]. One starts with a function ¢(z), and considers all
its dyadic dilates and integer translates, given by

djn(z) =2772p(2 0 — k) (1)

We define V; as the linear span of the functions ¢;; over all integers k. Under suitable conditions on ¢,
these spaces will be nested; that is, V; C Vj_1, or in other words, we can write ¢(x) as a linear combination
of the functions ¢(2z — k); and their union is all of L?(R). In this case the system of subspaces V; forms
what is called a “multiresolution analysis” of L?(R), as each subspace captures activity at a certain dyadic
scale, or resolution.

Wavelet analysis arises by looking at the orthogonal complement of V; in V;_1, which we denote by W;.
Given a multiresolution analysis as just described, one can construct a function ¥ (x) whose integer translates
span Wy, and consequently where the functions v;(x) = 277/2¢)(2792 — k) span W;. The function ¢ is
known as the “father wavelet”, or “scaling function” and the function ¢ is known as the “mother wavelet”.

Perhaps the simplest example of such a system is the Haar system. Here, the father wavelet ¢ is the
indicator function of the interval [0, 1], and the mother wavelet is the function x[o,1/2] — X[1/2,1]- The space
V; is the span of indicator functions of dyadic intervals 277k, 277 (k +1)] for all integers k. It is very simple
to generalize this particular multiresolution analysis to the setting of partition trees on abstract sets [5], as
we will describe in more detail later.

1.2. The classical Besov spaces

Given a metric space (X, d), a natural way of measuring the variation of a function f defined on X is its
Lipschitz norm, defined by

J@) = f)

THAY d(z,y) (2)

If f is a differentiable function on R, the Lipschitz norm (2) is equal to || f’||o0, the supremum of f’s derivative.
Expression (2), however, is defined for non-differentiable functions and makes sense in the abstract setting
of any metric space.

A generalization of the Lipschitz norm is the Holder norm, which replaces the metric d(z,y) by d(z,y)*
for some parameter o > 0. For functions on R, this space is only non-trivial when 0 < o < 1. The space of
Holder functions when « is strictly less than 1 has nicer algebraic properties than the Lipschitz space; in
particular, the Hélder norm of a function can be characterized by the size of its wavelet coefficients. If we
take a sufficiently nice wavelet basis {1} of R" (where j € Z indexes the dyadic scale 277 and k € Z the
location), then the expression

sup 2/ T2 (f p; )| (3)
7,k
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is equivalent in size to (2), which is to say that the ratio of the two quantities is bounded above and below
by finite constants not depending on f. The wavelet coefficients (f,; ) can be thought of as measuring
f’s variation across scales. The corresponding formula for o = 1 yields not the Lipschitz space but the
Zygmund space [2].

There is a generalization of the Holder spaces, known as the Besov spaces, that replace the L norms
used to define the Holder spaces by LP norms. To see how this works, rewrite the Holder norm of f as:

sup £~ “wy o0 (f) (4)
t>0

where

Wi oo (f) = ﬁ}llft”f — = h)]ls (5)

is the L* modulus of continuity of f. If we replace the L* norm defining wy oo (f) with an L? norm, and
the supremum in ¢ in (4) with an L®(dt/t) norm, we obtain the Besov norm:

® 1/s
([t ®) C
0

=

where
wyp(f) = sup || f — f(- = R)lp (7)
[h|<t

is the p-modulus of continuity of f. Like the Holder norm, there are simple characterizations of this Besov
norm using wavelets and other multiscale operators: for example, the quantity

(e[ Siguar) ™) ®
J k

is equivalent to (6), in the sense that the ratio of the two is bounded above and below by constants
independent of f.

Because the definition of the modulus of continuity w; , makes use of the translation structure on Eu-
clidean space, it is unclear how one might define this quantity on an abstract metric/measure space, such
as the tree metrics we consider later in this paper. It follows from results in Chapter 7 of [6] that w; ,(f) is
equivalent in size to the quantity

wiplf) = ( | woa | - f(y>|”dydw>1/p- (9)

B(z,t)

As the definition of w; ,(f) only makes use of the metric and measure on R, it provides a way of extending
the modulus of continuity to abstract metric/measure spaces.

Returning to Euclidean space, we note that the Besov spaces are also defined when o > 1. For non-
integer o, one simply replaces o by a — |« and f with its [a]*" derivative. Finally, we note that for
technical reasons, in this paper we will restrict attention to the case when p = s; such two-parameter Besov
spaces (the parameters being o and p) may be referred to in the literature as Slobodeckij spaces, Aronszajn
spaces, Gagliardo spaces, Sobolev—Slobodeckij spaces, or other variations thereof. The first chapter of [7]
contains a history of these spaces and other approaches to their construction.
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1.8. Mized Besov spaces

The function spaces we discussed in Section 1.2 are defined with respect to a single metric space. Many
domains arising in applications, however, are not modeled well by one metric space, but rather the product
of several metric spaces. Such datasets arise naturally in a variety of applications. For example, in the
theory of transposable arrays [8,9], both the rows and columns of a dataset are studied. Similarly, methods
of co-clustering [10,11] search for a clustering of both the row and column sets of a data matrix, and so fits
into the same framework.

For simplicity, we restrict attention to the product of two spaces, (X,dx) and (Y,dy). The notion of
regularity we consider for a function f defined on X X Y is the mixed Holder condition, which requires f
to have bounded mixed difference quotients; that is,

sup f(x,y)—f(as,y’) —f(x',y)—i—f(x’,y’)
T dx (z,2")*dy (y,y')"

(10)

must be finite. We give a more formal definition of the mixed Hélder space in Section 2.

The expression (10) is unnatural in many applications in the Euclidean setting, depending as it does on
the choice of z- and y-axes. In fact, it is not rotationally invariant. For simplicity, fix &« = 1 and observe
that the expression (10) is equivalent in size to |97 , f|loo for smooth functions on R?. Consider a function
of the form f(z,y) = g(x)h(y), for smooth g and h. Then

07, f(x,y) = g' ()l (y) (11)

whereas

2 T+y T—yY 1, (z+y r—Y 1 =Y\, nfT+y
(") =3 () () e () () (12
and by constructing functions g and h with large zeroth and second derivatives but small first derivatives,
one sees that the size of the quantity (10) depends on the coordinate system, a limitation in physical settings
that exhibit rotational invariance and hence where the axes are essentially arbitrary.

By contrast, in many data-analysis problems the axes are not arbitrary, but rather intrinsic to the
problem itself; consider, for example, the word/document axes of a word-document database [12], or the
time/frequency axes of a spectrogram [13,14]. For such problems it is reasonable to look at norms, like the
mixed Holder norm, that depend on the choice of axes; indeed, such norms make the most sense in this
context.

We can define mixed Besov spaces in much the same way as for a single space; we replace the L> norms
implicit in the definition of the mixed Holder norm by an L?(dz) norm in space and an L*(dt/t) norm across

S dt dt’ 1/s
([ [wentrr§5) (13)
0 0

where the modulus of continuity w; v, is given by

scales. This gives the norm:

werp(f) = sup ( [ [ = s =) = Fay = 1)+ ey - h’)lpdxdy) R

[R|<t,|h/|<t!
R R

Such spaces have been well-studied and given characterizations similar to their one-dimensional versions.
If f is defined on, say, [0, 1] x [0, 1] and has bounded mixed difference quotients, many favorable properties
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follow. For instance, such functions can be reconstructed to precision € using only O((1/€) log(1/¢)) samples;
these samples form what is known as a “sparse grid” [15,16]. This compares favorably with the 2(1/€e?) points
that would be needed if f were only known to be Lipschitz. Similarly, only O((1/€)log(1/e€)) coefficients
from a suitable wavelet basis are needed to reconstruct such a function f to precision € [17]. Of particular
relevance to the present work, statistical estimators of such an f from noisy samples achieve higher minimax
rates than estimators of functions that are merely assumed to be Lipschitz [13,14]; this terminology will be
explained in Section 1.4.

1.4. Statistical estimation and wavelet shrinkage

Statistical estimation is concerned with recovering a function f from noisy samples of the form f + noise.
To have any hope of recovering the signal, we must impose some assumptions on it. Parametric models
assume that the signal lies in a family defined by a finite number of parameters — for instance, a low-degree
polynomial; the task is to estimate the parameters of this model. Nonparametric models impose weaker
assumption on the function f, assuming only that it lies in, for example, a Besov ball (or a relative thereof,
such as a Triebel or Sobolev ball).

For any estimation problem, a standard way of measuring the quality of an estimator is the minimax
criterion. Here, we look at the estimator’s expected loss; that is, if the true function without noise is f
and our estimator is f, we pay a price L(f, f ). A standard loss is the squared Euclidean distance || f — f ||3
between the true function and our estimate.

The observed signal, and hence any estimator and its loss, are random quantities. We therefore consider
the expected loss, or risk, of an estimator, which depends on the unknown true function f:

A A

N

If the true function f lies in a family F, then the worst performance of an estimator f is its maximum
risk over F, or sup;c R(f, f). The minimax criterion for estimation seeks an estimator f* that minimizes
this maximum risk; that is,

f* = argmin sup R(f, f) (16)
ffeF

In this paper, we will be concerned only with how the quantity min FSUPser R(f, f ) depends on the prob-
lem size (the number of observations) and the problem parameters (the parameters defining the space F).
Consequently, rather than seek estimators that achieve the exact minimax risk, we relax this problem to
find estimators that differ from the minimax risk by at most a multiplicative constant C' that does not
depend on the number of samples or the relevant parameters. We will say that such an estimator “achieves
the minimax rate” of the problem.

When the parameters of the Besov space are completely specified, explicit estimators can be derived that
achieve the minimax rate; these estimators are also linear functions of the observed data, and amount to
applying a low-pass filter to get rid of the noise. However, in many cases it is not reasonable to assume that
the parameters of the Besov space — which, after all, is often only a heuristic model — are specified. It is
therefore desirable to have estimators that perform well for a range of Besov spaces — that is, for a range of
parameters.

The wavelet shrinkage estimators of Donoho and Johnstone succeed at this task [18-22]. These are defined
by shrinking the wavelet coefficients of the observations towards zero. The shrinkage operator is a non-linear
function of one variable, given by

() = sgn(@)(|z] =)+ (17)
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Donoho and Johnstone prove that the wavelet shrinkage estimator is nearly minimax for large ranges of
Besov spaces simultaneously. More precisely, the error rate it achieves equals the minimax rate times a term
log(n)", where n is the number of samples and r < 1 is a parameter depending on the space F.

1.5. Calderon—Zygmund decompositions

A Calderén—Zygmund decomposition breaks a function f into a sum of two functions g + b, where g is
well-behaved (for instance, is not too oscillatory) and b, while it may be highly irregular, has small support.
In the classical Calderén-Zygmund decomposition, f is assumed to be in L', and g then has small L?
norm, while b is highly oscillatory but is supported on a small set and has mean zero. See, for instance,
[23,24,4]. This decomposition is a critical ingredient in proving classical results such as the Markinciewicz
Interpolation Theorem [23,24.4.1]. Tt is also highly useful in the study of certain operators [1]. For instance,
it is employed in the proof that the important class of Calderén-Zygmund operators map L' to weak L'
[25].

Another class of Calderon-Zygmund decompositions impose conditions not on f itself but rather its
gradient — for example, V f might be assumed to lie in LP. The function g is then constructed to satisfy a
stronger condition on its gradient, such as |[Vg| € L. See, for instance, [26,27] for results along these lines.

A theorem of this kind was shown in [28] in the context of tree metrics, which are the kind of metrics
we consider in this paper and which we will discuss in Section 1.6. The function f is assumed to lie in a
particular mixed Besov space, and the good function g can be taken to be mixed Hélder. The decomposition
of f into g+ b depends on a wavelet expansion of f; certain wavelet coefficients are grouped to form ¢, and

the remaining ones form b.

1.6. Tree metrics

The spaces discussed in Sections 1.2 and 1.3 were defined for functions on Fuclidean space. The present
paper is concerned, however, with an analogous theory for a different kind of metric space, where the
Euclidean metric is replaced by an abstract tree metric. Tree metrics are defined by breaking the space
into a collection of folders, and placing a weight on each folder that defines its diameter. In this paper, the
weights will equal the folder’s volume.

Because of their simple structure, tree metrics appear throughout pure and applied mathematics. There
are numerous applications in computer science, where certain metric tasks are very simple to perform for
tree metrics; by approximating an arbitrary metric by a family of tree metrics, one obtains fast, approximate
solutions [29-31].

In [28,5] it is shown that the same wavelet characterizations of the Holder and mixed Hoélder spaces of
functions on Euclidean space can be adapted to the Hoélder and mixed Hélder spaces on trees and products
of trees. The multiple partitions induced by the tree parallel the multiresolution analyses discussed in
Section 1.1, and the classical wavelets are replaced by a family of Haar wavelets defined with respect to the
partition trees; we will discuss their definition in more detail in Section 2.

In [28], it is shown that many of the properties of mixed Hélder functions on [0,1] x [0, 1] also hold for
mixed Holder functions on the product of tree metric spaces. For instance, it is possible to compress a mixed
Holder function to high precision using a small number of its tensor Haar coefficients, and one can define
the same notion of sparse grid for reconstruction as in the Euclidean case.
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1.7. The contributions of this paper

The present work further develops the theory of harmonic analysis on partition trees and their products.
As stated earlier, we focus on the task of writing a function f(x,y) in the form f = g + b, where ¢ has a
small mixed Holder norm and b is controlled in one of two ways.

The first such decomposition tries to make b look as unstructured as possible — that is, we want b to
look like noise. The methods we develop in Sections 3 and 4 emerge from the statistical estimation theory
discussed in Section 1.4. More precisely, in Section 3 we give a formal statement of the estimation problem
in the presence of Gaussian noise, and in Section 3.1, specifically Theorem 2, we establish its minimax rate.
In Section 4, we then show that the wavelet shrinkage estimators of Donoho and Johnstone, applied to
the tensor Haar basis on products of trees, come within a logarithmic factor of achieving this rate, which
is to be expected from the classical theory. In Section 4.3, we also show that the denoised function g will
be smooth with high probability, and in Section 4.4 we provide approximation guarantees when multiple
estimators are averaged over many trees whose metrics approximate another (non-tree) metric.

The second model for the bad function b, developed in Section 5, forces b to have small support; in
other words, we establish a family of Calderén—Zygmund decompositions as discussed in Section 1.5. As a
precursor to these decompositions, in Section 5.1 we develop analogues of the classical Besov spaces for tree
metrics. In particular, we define a natural modulus of continuity for functions on tree metric spaces, define
the analogues of the Besov norm (13) (when p = s), and give simple characterizations of the Besov norm of
a function using its coefficients in various expansions.

From these simple characterizations of the Besov norms naturally emerges a broad class of Calderén—
Zygmund decompositions. Theorem 6 generalizes the Haar-based decomposition from [28] to the Besov
spaces introduced in Section 5.1. Theorem 7 presents an entirely new decomposition that does not depend
on the function f’s Haar series, but rather on a minimal-cost expansion in an overdetermined set of simple
functions. This decomposition imposes fewer constraints on the function b, and is able to recover the natural
decomposition for a much broader range of functions. We illustrate the advantages of this decomposition
over the Haar-based decomposition on numerical examples.

Appendix A contains basic results in the metric geometry of partition trees and estimation of mixed
Holder functions on tree metrics. In some cases, these results have not been stated previously in the literature,
while in other cases they are sharper versions of estimates that have appeared in [28]. These estimates can
also be used to improve results from [28] that are not used here, such as the sparse grid construction.

2. Preliminaries

Throughout this paper, X and Y will denote two spaces with nx and ny points, respectively, and we let
n = nx - ny denote the number of points in X x Y. We will think of X and Y as, respectively, the set of
rows and columns of a matrix. We will equip X and Y with finite measures, and assume for simplicity (and
without loss of generality) that the total mass of each is 1. We denote by |S| the measure of a set, and #S
the number of elements it contains.

As a matter of notation, we will often use the letter C' to denote an arbitrary constant. When stating
results we will sometimes write expressions like C' = C(a, b, ¢, d) to specify that C' depends on the parameters
a, b, c,d. In long strings of inequalities, the value of C' may change from line to line.

2.1. Tree metrics, Holder functions and mized Holder functions

We assume throughout this paper that both X and Y are equipped with partition trees, denoted by Tx
and Ty. A partition tree on X (or Y) is a collection of subsets of X, called “folders”, that include X itself
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and all singletons {z}, and with the property that for any two folders I and I’ either T C I', I' C I, or I
and I’ are disjoint.

Associated to any partition tree on X (or Y) is a corresponding volume-based tree metric. If I, ,» denotes
the smallest folder in Tx containing both  and 2/, then the tree distance dx (x,z") equals

|Ix,a:'|7 if z #LE‘/
dx(z,2') = (18)
0, if x = a

Given a folder I, we will refer to the smallest folder containing but not equal to I as I’s “parent”. If I’
is I’s parent, we will also say that I is a “child” of I’.

As in [32,28,5], the critical assumption we will impose on the partition tree is that it is balanced, in the
sense that there are constants By and By such that

0< B, < LMl _

1. 19
~ |parent| — U< (19)

We will denote by Ty a partition tree on Y, and assume the same balance condition (19) on Y’s folders.
We will denote the tree distance on Y by dy (y, ).
For any folder I € Tx, define

1
(mif)) = 17 / f(y)de (20)

and define (mf)(x) similarly for J € Ty.
Given any function f on X x Y and any a > 0, we say that f has mixed Holder(«) norm L = L(f, «) if
the maximum of the terms

f(x,y) — f(xayl) 7 f(xlay) + f(xlayl)

x#i}g);éy/ dx (z,z")dy (y,y')* @)
- (my f)(x) — (my f)(z')

;755' dx (@, ") (22)

. (mx f)(y) — (mx )(y') (23)

y#y’ dy (ya y/)a

is bounded above by L. We will refer to the quantity (21) alone as the mized variation of f, and denote it
M(f, ).

2.2. Haar systems on trees and tensor products

Given a set X with tree Tx, we can build functions defined on X that mimic the classical Haar system.
These functions are described in [32,28,5], and we will only review the basic properties here. Each Haar
function ¢ is supported on a single non-singleton folder I € Tx, and is constant on the children of I.
Furthermore, ¢ has mean zero, is normalized to have L? norm 1, and is orthogonal to every other Haar
function. Consequently, the collection of all Haar functions and the constant function 1 on the space form
an orthonormal basis for the space of all functions on X.
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Given Haar systems {¢} on X and {¢} on Y, we can consider their tensor product; this is the collection
of all functions ®(z,y) of the form ¢(x)¥(y), ¢(x), and ¥ (y). These functions form an orthonormal basis
for the collection of all functions with mean zero on X x Y.

Given a Haar function ¢(z) on X, we will use I(¢) to denote the smallest folder containing the support
of ¢; similarly, J(v) will denote the smallest folder containing the support of a Haar function % on Y. Given
a tensor Haar function ®(z,y) = ¢(z)¥(y) on X X Y, we will denote by R(®) = I(¢) x J(¢) the smallest
rectangle containing the support of ®.

The following result, which gives a characterization of the mixed Holder(«) norm of a function based on
its tensor Haar coeflicients (f, ®), is key:

Theorem 1. For any o > 0, there is a constant C = C(Bp, By,a) > 1 such that for any function f on
X xY,

1 (/. @)
aL(ﬁa) < SUP TR (@) [or1/2 < L(f,a) (24)

where the supremum is over all Haar functions ®(z,y).

The proof is essentially contained in [28].
3. Matrix denoising

In this section, we assume that X and Y are equipped with normalized counting measure; in other
words, the measure of any single point x € X is n;(l, and the measure of any single point y € Y is n;,l.
Recall that given any set S, we will always denote by #S the number of elements of S. If S C X, we
will write its measure as |S|. To illustrate the notation, observe that for any S C X, since |S| denotes
the measure of a set and #S denotes the number of elements, |S| = (#S5)/nx; similarly, if S € X x Y,
S| = (#5)/(nxny) = (#5)/n.

We suppose that we have a function f defined on X x Y, and that f has mixed Holder(a) norm not
exceeding L for some e > 0 and L > 0. Let F = F(a, L) denote the collection of all such functions. We do
not observe f directly, however, but rather

T(x,y) = f(z,y) +n(z,y) (25)

where 7(x,y) is a random variable. We will assume that the n(x, y)’s are independent, have mean zero, and
have maximum variance v < oo.

Our goal is to estimate f from the noisy samples T, taking as our primary measure of the loss of an
estimator fn the mean squared loss, or || fn — flI3. As explained in Section 1.4, we are concerned with the
minimax rate inf; sup;czEy|| fn — f113, where the infimum is over all estimators.

In Section 3.1, we will give an explicit estimator fn for the function f, and derive bounds on the expected
error of this estimator in terms of the parameters v, @ and L and the problem size, n. We will show in
Section 3.1.3 that this estimator achieves the minimax rate in terms of its dependence on L,v and n when
the noise n is Gaussian.

The estimator fn we define in Section 3.1 depends on specification of L and «, which might be unnatural
in practice, and the bounds we obtain are only for the L and « specified. In Section 4, we adapt the wavelet
shrinkage estimators of Donoho and Johnstone [19] to define estimators that are nearly minimax for all
«a > 0 simultaneously when the noise is Gaussian.
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3.1. Optimal matrix denoising

We now consider the problem of recovering a mixed Hélder function f that has been corrupted by noise.
We assume that we are given two spaces X and Y with, respectively, nx and ny points, and partition trees
Tx and Ty whose folders satisfy (19).

We can think of X as the rows of a matrix and Y as the columns. A matrix itself will be described by a
function f on X x Y. We suppose that f has mixed Holder(a)) norm not exceeding L, which by Theorem 1
implies that the size each Haar coefficients (f, ®) is bounded by L|R(®)|**1/2,

Before turning to the wavelet shrinkage estimator, however, we will first analyze how well we can do if
we are willing to specify the parameters L and «, in the regime n — oo. We will write down an explicit
estimator and estimate its expected error. In Section 3.1.3, specifically Theorem 2, we will prove that this
estimator’s mean squared error is optimal in its dependence on n = nxny, L and v for all n sufficiently
large.

Define € > 0 by

L\ 1/2a+1)
e:min{l, <m> } (26)

Suppose for now that € < 1. We will consider the case where € = 1 separately. Define the estimator

falzy) = Y (T, ®)®(x,y) (27)

P:|R(P)|>e

where ® runs over all Haar functions and the constant function 1. We will bound the expected squared error
of f,, both pointwise and in L2.

8.1.1. Mean squared error of fn
Define the deterministic function

g(x’y) = Z <f7 CI)>(I>(1‘7y) (28)

P:|R(P)|>e
We have [|fo— I3 = [l fa—gl3+g— FI3-+2(fu — g, g— f). Observe that ET(z, y) = f(z,); consequently,

by linearity we have Effn = ¢ and in particular Ef(fn —g,9—f) = (Effn —g,9 — f) = 0. Therefore, we
establish the bias-variance decomposition of the expected error

Efllfu = £115 = Egll fu = 9l3 + g = f15- (29)

Now, by Corollary 3 we can control the bias term:
lg = fI3 < CL?¢**(logp-1(1/€) + 1), (30)
where C' = C(By, By, ) is a constant. We will now derive an upper bound for E||f, — g||3. Observe that

Efllfa—gl3= Y Eff-T.9°= > E;@n®?> (31)

:| R(®)| e :|R(®)| e

To compute an upper bound on E(n, ®)2, observe that E(n, ®) = 0; consequently,
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B (1. )° = Var((n. ) = Var { + Sotre (@)}

1 (32)
v
= LS Varln(a, )b < Ll = 2.
Combining (31), (32) and Corollary 4 gives
A 1 v
Bellfa—gl3= > Es(n,®) < g {R:|R(®)] > e}
[ R(®)| > (33
1 v (logg—1(1/€) +1
< — U .
- BL(l — BU) n ( € )
Since € = (v/(nL?))Y/ (221 combining (29), (30), and (33) gives
sup B 1, = JIf < O/ L2/ ) g () (39
€

where C = C(By, By, ) is a constant. We show in Section 3.1.3 that, when n is sufficiently big, no other
estimator of f can outperform this one in terms of its dependence on L, and n.

Finally, note that if € = 1, we can combine (29), (30), and (33) to obtain the estimate sup;c r Efon —
fl3 < Cv/n.

8.1.2. Pointwise squared error of fn

We will now derive an upper bound on the pointwise squared error of the estimator fn. That is, for any
point (zo,%0) € X x Y, we will bound E ¢ {(f(0,%0) — fn(0,70))?}. Note that we only need to estimate the
size of wavelet coefficients for wavelets containing (z,yp); in particular, we only require that f be mixed
Holder(a) at (xo, yo)-

Suppose first that € < 1. Take the function g defined by (28). Observe that, since Effn(xo, Yo) = g(z0, Yo),
we can write

]Ef{(f(ffo,yo) - fn(‘r07y0))2}

(35)
= E¢(fn(z0,50) — 9(z0,40))* + {(f(z0,50) — 9(z0,%0))*}-
From Corollary 6, we have the bound
(f (0. 90) — 9(0,90))* < L (log -1 (1/e) + 1)2. (36)

As for the second term on the right side of (35), we have (with the sum over all wavelets ® with
(z0,90) € R(®) and |R(®)| > ¢)

2
E(fu(0,90) — (0, 90)) —Ef{z $0,yo)}

[
2
<of ¥ Vet apin) (37)
(o]

2 O, -1 € 2
c2{ S i)} < or o9+ Y
n Y n €
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where we have used Corollary 5. Substituting the value € = (v/(nL?))*(2**t1) and combining (35), (36) and
(37) gives

Ef{(fn($0>yo) - f(x()ay()))z} < CpPe/(otl) p2/Gatl) =20/ (2at) 10&2351([/2”/1/), (38)

where C = C(Bp,By,a) is a constant. Note that the pointwise bound is worse by an extra factor of
log B (L?n/v) when compared to the mean squared estimate (34).

Finally, observe that if € = 1, (35), (36) and (37) give sup¢ » Ef{(fn(xg,yo) — f(wo,y0))?} < Cv/n.

3.1.3. The minimaz lower bound

In this section, we will show that under the Gaussian noise model with variance v = 02 the mean squared
error of the estimator fn from Section 3.1 cannot be improved in its dependence on L, v and n, as given by
the bound (34) whenever n is sufficiently big, the parameters L, 02, By, By, Cr, Cy are assumed fixed, and
nx and ny are of comparable size: that is, we assume that there are positive constants Cy, and Cy such
that

L <X <oy (39)
ny

Theorem 2. Let X and Y be finite sets with, respectively, nx and ny points satisfying (39) and partition
trees Tx and Ty satisfying (19). Equip X and Y with normalized counting measure.

Fiz oo > 0, and let F = F(«, L) denote the set of functions with mized Holder(a) norm not exceeding L.
Suppose we observe a single draw from each of a collection of independent random variables T (x,y) ~
N(f(z,y),0?%), (v,y) € X x Y, where a% is a known variance and f € F is an unknown function. Then
there is an N = N(Br, By, a, L,0%,Cr,Cy) constant C = C(Bp, By, a,Cr,Cy) > 0 such that for all
n >N,

inf sup Ef|| fn, — f||3 > Cote/(2atD) [2/(2a+1)y,—2a/(2a+1) log g1 (L*n/c?). (40)
fn fEF
The infimum is over all estimators of f.

The proof we give is adapted from proofs of classical minimax lower bounds (see, for instance, [33,34]),
and rests on the following lemma from Chapter 2 of [34].

Lemma 1. Suppose fy,..., far € F satisfy

Lolfy = fylla = 28, >0 for all j # j';
2. The likelihood ratios of the distribution under fo and the distribution under f; are of the form

A(fo, f5) =

dP;
d]P’; =exp{A; —A\;jIn M}

J

where 0 < \j < A < 1 and the random variables A; are positive with probability bounded away from 0
under the model f;, i.e. Py (A; > 0) > p > 0. Here, A; is a random variable that may depend on n, and
Aj is a non-random number that may depend on n. The non-random constants p and X are independent
ofn and j.

Then for any estimator fn,

(max P, ([l = fill2 2 sn) 2 p/2.
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The strategy of the proof is as follows. We will construct a collection of functions fy, f1,..., f; € F
satisfying the conditions of Lemma 1 when n is sufficiently large with

§2 = Cotal(2atD) [2/(2a+1) =20/ (2a+1) log 5.1 (Ln/o?) (41)

where C = C(Bp, By,«,Cr,Cy) > 0 is a constant, and where p = 1/2. Chebyshev’s inequality tells us
that

sup B (s, %[l fu = f1I3) = sup Pr (| fo = fll2 > sn)
fer feF

. (42)
> 1?]_5%}5\4Pfj(”fn - fjHQ > Sp)
Consequently,
fo— f12) > s2 (N fy = Filla >
;telglEf(llfn H2) = s max Py, ([lfn = fill2 2 sn) "

> gca4a/(2a+1)L2/(2a+1)n—2a/(2a+1) 1og351 (LQn/O_Z)

which is the desired result.

We now turn to the construction of the functions fo, fi,..., far. Let € = (02/(nL?))Y/ (2D Let R
denote the collection of rectangles R with area eBj, < |R| < ¢/By,, and let N, denote the number of such
rectangles.

For each rectangle R € R, pick any wavelet ®g(x,y) supported on R. Define

fR(‘r7 y) = 5L€a+1/2(I)R(’J;’ y) (44)

where ¢ > 0 is a small constant to be chosen later. Since ||®g|l2 = 1, || frl|3 = §?L%e2**L. The functions fr
are the basic building blocks of the functions f;, as we now describe.

The Varshamov-Gilbert bound states that there at least M = |2N</®| binary vectors of length N,
whose pairwise Hamming distance py exceeds N./16; see [34] for a proof. For each such vector w; =

(Wj1,---,wj N, ), define the function
N
fi(x,y) = wiifr,(2,y) (45)
i=1
where Ry,..., Ry, is some fixed but otherwise arbitrary ordering of the rectangles in R. Observe that the

magnitude of the wavelet coefficients (f;, ®r) are either 0 (if R ¢ R) or of size
6L€a+1/2 §(5L|R‘a+1/2/32+1/2, (46)

By Theorem 1, by picking 6 = §(By,, By, ) sufficiently small, we can guarantee that f; has mixed Holder (o)
norm not exceeding L.

Since the functions fg, are pairwise orthogonal, the lower bound on N, provided by Lemma 8 yields, for
all n sufficiently large,

Ne

I1f5 = £irll3 =D (wji — wie i)l fr,

i=1

2 _ 272 2041
3 =0"L7e"" pr(wj,wj)

- 47
> 1—562L262a+1 > 052L262a log(l/E) ( )

— Ca_4a/(2a+l)L2/(2a+1)n—2a/(2a+1) logBal (LZn/UQ)
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where in the last line we have substituted ¢ = (02/(nL?))"/22+t1) and where C = C(By,Cp,Cy, ) is a
constant.
Now, let fo = 0. Then the likelihood ratio A(fo, f;) can be explicitly computed:

[T(a.y) exp{—(20%)"'T(z,y)*}
[L(a,y) exp{=(20*)"(T'(z,y) — f;(x,y))*}
= H exp{—(?o‘Q)_l(QT(gj, y)f](xay) - fj(ma y)2)}

(z,y)

= exp {2}7 Z fj(mvy)2 - % Z T(l‘,y)f](l‘,y)}

(z,y) (z,y)

A(fo, f5) =

—ew{ &5 X y(e) ~ Tan)ien) - 5osnl 13

(z,y)

Let &; = & 5, ) (5(@.y) = T(e,p)fi(a.y) and A oM = gzl 3. Since T(z,9) — fi(z,y) ~
N(0,0?%) under the model f;, P, (Aj; > 0) =1/2 = p. To apply Lemma 1, it remains to show that there is
a A € (0,1) such that \; < A\. We have

N,
1 1 N
)‘j InM = T‘_Qn”‘fng = T‘an§2L262 +1
=1 (49)
1
202

o2 B N_§2
)

1
TLNE(S2L2€2(X+1 = ﬁnNg(Ssz
(e

where we have used that ¢ = (¢2/(nL?))Y/ (221 Since log,(M + 1) > N, /8, we can choose § small enough
so that A = (62N,)/In M < 1. This completes the proof.

4. Simultaneous adaptation to all Holder classes

We adapt the work of Donoho and Johnstone [19] to develop an estimator that is nearly optimal over
all smoothness classes (that is, over all @ > 0) in the presence of Gaussian noise. As in [19], this follows
by developing an estimate of each wavelet coefficient of the function. Since the wavelet transform is an
orthogonal transformation, each wavelet coefficient of the observed, noisy function is normally distributed
around the true value, and we can reduce the argument we give to that of estimating a single normally
distributed random variable.

Suppose Y ~ N(6,1). For any ¢ € (0,1), p € (0,2), and 7 = /2log(1/4), define m%(6) by
my(0) = 2 min{(0/7)?, 1}. (50)

Donoho and Johnstone consider the problem of estimating 6 using with loss function (§ — 6)2/(5 + m%(6)),
where 6 is the estimator. Since this loss function penalizes mistakes made at small values of § more than
those made at large values of 0, it pays to “shrink” the standard estimate Y of 6 towards 0. Formally, for
any 7 > 0 we define the function

17 (2) = (2] = 7).+ sgn(x) (51)

which moves z closer to 0 by min{r, |z|}. We then estimate 6 by n,(Y") with 7 = y/2log(1/J).
Let M} (6) denote the maximum risk of this estimator; that is,
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Eo[(0 — 6)]

M* () = —_ 52

» () S%p §+m§(0) (52)

We then have the following lemma from [19]:
Lemma 2. There is a C > 0 so that for all § sufficiently small,
* 1—-p/2
M () < Clog(1/5)'77/2. (53)
We will make use of the following trivial corollary to Lemma 2:

Corollary 1. Suppose Y ~ N(0,0?), where o? is assumed to be known. Define the estimator of  to be

0 = nor(Y) where T = /2l0g(1/8) and § € (0,1). Then there is a constant C' > 0 such that for all §
sufficiently small,

Eo[(0 — 6)?]

— < 2log(1/8)1~P/2. 4
wp 7y < O log(1/0) (54)

We now define the estimator we will use. Following the notation in [19], let r = 2a/(2a + 1) and let
p=2(1—7). Expand f in a two-dimensional Haar series:

f(x,y) = Z<fa (I)><b<x,y) = ZAQJCI)(xvy) (55>

P

Since the Haar transform is orthogonal, each observed Haar coefficient (T, ®) is normally distributed
around the true coefficient (f, ®), with variance €2 = 02 /n. We will define the estimator f*(x,) by letting
its wavelet coefficients be shrinkage estimators of f’s wavelet coefficients; that is, let Ap = Ner ((T, ®)) for
non-constant tensor Haar functions ®, and A; = (T, 1) and define f*(z,y) by

frlay) =" Ae®(z,y) (56)
[

where 7 = /2log(n). We will bound the mean squared error and the pointwise squared error of f.
4.1. Mean squared error of f;:

Suppose that the function f has mixed Holder(«) norm L, for some « > 0. Since the squared error from
estimating (f, 1) is of size O(1/n), we can ignore its contribution for, as we shall see, this is a smaller order
of magnitude than that contributed by estimating the other Haar coefficients. By Corollary 1 with 6 = 1/n
we have

Efllf = fill3 =D Ef{(Ae — As)*} < Clog(n)" Y (e/n+ e*m, (Aa/e))
@ ® (57)

= Clog(n)" Z €2 /n + Clog(n)" € Z my,, (As/e).

We will estimate each of the two sums on the right side of (57). For the first, since any rectangle can
support no more than a constant (in fact, BEQ — 1) number of Haar functions, and the number of rectangles
is no more than O(n), we have:

o2

log(n)" Y €*/n < Clog(n)"e* = Clog(n)"—. (58)
[
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As n — oo, this term will become negligible.
We turn to the second sum from (57). Because f has mixed Holder(a) norm L, |Ag| < LIR(®)|*+1/2. 1f
we let £ = LIR(®)|*F1/2 /¢, we can write
eme/n(/Lp/e) < esz/n(fq))
@ re2(r—1
= LAV IR(@)| el Vmk (€e)

2r 2(1—r)
= L?/0+D|R(®)[¢* min { (5—‘1’) : (T—") }
Tn g@‘

where 7, = \/2log(n). The last equality is easily verified from the definition of m/ In (s).
Let S > 0 satisfy S+1/2 = er,, /L. Then we observe that &3 /7, = (|R(®)|/S)**1/2, and substituting this
into (59) yields

e, (Aafe) < L R in { (L) 0 0

Summing over all wavelets ® yields (with the constant C' changing meaning from line to line):

2Zm1/ (Ag/€) < L/ (2atD) 2rZ|R Imin{(mf)')m’m(s@)l}

2/(2a+1) 27" |R| S
< CL?/(2a+1) Z|R|m1n{(s) |R|}

(61)
2/(2a41), |R[*+!
= oL/ { dos+ > 53
R:|R|>S R:|R|<S
<cor? <2a+1>627'{ logp—1(1/S5) + 1} < CLYCet e log i (nL /o),
where we have used Corollary 4 and Corollary 5. Combining (57), (58) and (61) yields the estimate:
N o2
Bl £218 < Clog(oy (- + 2220 bog, s (n /o))

" Y (62)

< Clog?®/Zet) (n) (g2 LM Jp)2e/ (2a+1) longl(nL/UQ)(l +0(1))

Comparing (62) to (34), we see that the bound on the shrinkage estimator is only a factor of
C'log(n)?®/(22+1) worse than that on the estimator (27) from Section 3.1, with C = C(By, By, a), even
though the shrinkage estimator is not defined using the parameters L and «.

4.2. Pointwise squared error of f;{

We bound the expected squared error of f; at an arbitrary point (zo,yo) € X X Y. As we observed
when estimating the mean squared error, the squared error from estimating (f,1) is of size O(1/n), and
hence we can ignore its contribution because, as we will see, this is a smaller order of magnitude than that
contributed by estimating the other Haar coefficients. We have

f(x0,y0) = fi(wo,90) = D (As — Aa)®(x0, o) (63)

o]
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the sum being over all ® whose support contains (zg, yp). We have:

R — 2
B(f oo, 0) ~ oo 0)? < (50 V/EL(Ae — Ae)He(o0 1))
3]

< c(%j VE((4s - A¢>2}|R<<I>)|1>2

where we have used the bound ||®||. = O(|R(®)|~'/2).
Observe that by Corollary 1 with 6 = 1/n we get

E{(As — As)?} < Clog(n)' ""*{e/n + &ml  (As/e)}.

Substituting (65) into (64) and using (a + b)*/? < a'/? 4+ b'/? gives

B (v, o) ~ o )? < O3 IR log(u) (@ + i, (4]}
ol

(zm T log(y & /n

+0y \/|R(<I>)|—1 log(n) em?, (Ag /e>> .

We estimate each summand on the right side of (66) separately. For the first sum, we have

> VIR ogo) et/ = log(a) ™ 3 [R(@)

< Clog(n)"/?en=1/2p1/? log 1 (n)

, o ,
= C'log(n) /2elog351(n) = Cm log(n)"/? log -1 (n)

where we have used Corollary 5. This term will become negligible as n — oco.
As for the second sum on the right side of (66), by inequality (60) we have

Wf )|t log(n)re2m? , (Ag/c)

1 r/211/(2a41) r ‘R| S Yz
< Clog(n)"“L € Zmln s )\

where the sum is over all rectangles containing (zg, yo), and Sotl/2 — er,, .

We can write the sum over R as:
a /2
IR| i 1/2 B @ i 1
me{( m) -2 s) + 2 (m
|R|<S |R|>S

< C’(logBal(l/S) +1)< ClOgBJI(TLL/U)

where we have used Corollary 5.
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From (68) and (69), we get

Z \/|R(<I>)|—1 log(n)T'Eme/n(AqJe) < Clog(n)"/2e" log g1 (nL/o). (70)
?

Consequently, combining (66), (67) and (70) with € = 02 /n we get

E(f(wo,y0) — f;(iﬂo, yo))2

71
< Clog(n)?/Getl) (g2 /e Jp)2a/(2a+1) logQBq (nL/o*)(1+o(1)) ()
U
This is only a factor of C'log(n)?*/(2*+1) worse than (38), with C = C(By, By,«), even though the
shrinkage estimator is not defined using the parameters L and o.

4.3. The mized Hélder norm of fr

We have shown that the shrinkage f,’; estimator is expected to be reasonably close to the true function f,
measured in L? or pointwise. However, this property alone does not guarantee that f;’; itself has small mixed
Hélder norm. It follows from a result of Donoho [20] that f* will have mixed Hélder(ar) within a constant
factor of f’s with high probability (converging to 1 as n — o0). Indeed, from Theorem 4.1 in [20] we have:

Theorem 3. The probability
Pr{|As| < |As| for all &} (72)

that all the wavelet coefficients of the shrinkage estimator do not exceed those of the true function f converges
to 1 asn — o0.

Using the characterization of the mixed Holder(a)) norm L(f, ) via the magnitude of the wavelet coeffi-
cients, the next result is immediate:

Theorem 4. For any a > 0, there is a constant C = C(Byr, By, a) such that
Pr{L(f;,a) < CL(f,a)} (73)
converges to 1 as n — oo.

In other words, the estimator fj; is almost as smooth as the true function f with high probability.

We illustrate the performance of the shrinkage estimator f; numerically. We note that in order for the
theory to apply, we must know the variance 0. Absent this knowledge, Donoho and Johnstone [18,20,21]
propose using the robust estimator of o defined as the median absolute deviation of the finest scale wavelet
coefficients, divided by .6745; see also [35-37] for justification of this estimator. We adapt this idea to our
setting and take our estimator & to be the median absolute deviation of the Haar coefficients at the product
of the finest scales of each estimator, divided by .6745.

We note that there is a tendency for the shrinkage estimator to oversmooth the data; for instance, it
is apparent from Fig. 1 that some of the small-scale Haar coefficients in the original function have been
washed away by the shrinkage estimator. This phenomenon is apparent in the classical application of wavelet
shrinkage estimators to signal denoising [20]. In the classical setting, it can be remedied by changing the
amount of shrinkage based on the wavelet’s scale; the resulting estimator is known as the SUREShrink
estimator [18]. However, with the SUREShrink estimator one loses the probabilistic guarantees that the
resulting estimator is as smooth as f.
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Fig. 1. Right to left, top to bottom: the original matrix; the matrix plus i.i.d. Gaussian noise; the denoised matrix; the residual.

4.4. Averaging over trees

In many problems in data analysis, tree metrics are only used to approximate some other, continuous
metric (or quasi-metric). The tree will most likely separate certain points at a high level that are actually
close together in the true geometry. In many constructions of trees used in machine learning (see, e.g. [38-40],
among others), the trees depend on certain parameters. By varying these parameters, we obtain a family
of trees and corresponding tree metrics. Although any one tree will introduce artificial breaks between data
points, combining the output from all the trees will help wash away these artifacts.

On this subject, we mention that there is a vast literature in theoretical computer science on ap-
proximating arbitrary metrics by averaging tree metrics; seminal papers on this subject include [29-31].
A conceptually similar idea appears in the paper [41], in which Coifman and Donoho confront the problem
that classical wavelets are attached to the dyadic grid, which creates artifacts when the signal being pro-
cessed does not align with the grid. Their proposed solution involves combining the outputs from a number
of shifted dyadic grids.

In the context of the present work, we consider the following scenario. Suppose that there are a family
of pairs of tree metrics on X and Y, and that f has mixed Holder norm not exceeding L for all pairs. This
assumption will hold if, for example, there are intrinsic metrics on X and Y with respect to which f has
mixed Holder norm L, and each tree metric on X or Y dominates the intrinsic metric on that space.

We will denote by IT a distribution over pairs of trees; so if G is some random variable that depends on
the tree pairs, Erj[G] denotes its expected value. Let f;‘—n denote the shrinkage estimator based on the pair
of trees T = (Tx, Ty ), and let fﬁn =Eg f;‘—n denote the expectation of these estimators over the family of
random trees equipped with distribution II.

For any function f, it follows easily from Jensen’s inequality that:

Efllf = fiinl < EnEfllf = f7al3 (74)

Taking supremums then yields:
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Fig. 2. Right to left, top to bottom: the clean function f, the function f with i.i.d. Gaussian noise added, the estimator with a
single tree pair, the average of 5 estimators using random shifts of the trees, the average of 50 estimators using random shifts of
the trees, the final residual.

SI;P]Efo — fiinll3 <En SIJleEfo — Frall3
< Clog2°‘/(2°‘+l) (n) (UZLl/O‘/n)_Qa/@""H) logBal (nL/o*)(1+o(1)) (75)

This implies that as long as f has the same mixed Holder norm L for all trees being averaged, then
the maximum risk for the average estimator cannot be worse than the expected risk for each individual
estimator. Consequently, we do not expect to do worse by averaging over multiple trees; in fact, we should
do much better as averaging will wash away many of the artificial discontinuities any estimator based on a
single tree will be faced with.

To illustrate this observation, we took the smooth function f(z,y) = (z —.5)(y — .5) on [0,1] x [0,1],
sampled at an 32-by-32 equispaced grid of points, and built a family of randomly shifted (on the circle)
dyadic trees. Since each tree metric dominates the Euclidean metric, if the function f has mixed Holder(«)
norm L with respect to the Euclidean metric then it will have mixed Hoélder(a) norm not exceeding L with
respect to all the tree metrics, and so we may apply our analysis.

In Fig. 2, we show the original function with and without noise, and the denoised versions based on 1,
5 and 50 random tree pairs, as well as the final residual (from the average of 50 estimators). In Fig. 3,
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Fig. 3. The root mean square error of the average estimator, as a function of the number of tree pairs ranging from 1 to 50.

we plot the root mean squared error of the estimator obtained by averaging the individual estimators over
increasing numbers of trees. We observe a dramatic improvement in the error rate.

5. Besov spaces and Calderén—Zygmund type decompositions

Sections 3 and 4 were concerned with recovering a mixed Holder matrix that has been corrupted by noise.
When the noise is Gaussian, an adaptation of the wavelet shrinkage estimator of Donoho and Johnstone was
adapted to produce a matrix that is expected to be close to the noise-free matrix, and have mixed Holder
constant almost as small with high probability. In other words, if T'(z,y) was the matrix of observations,
we wrote T' = fj{ + 8, where f:{ is as almost as smooth as the unknown f with high probability, and close
to f in L?; and the residuals § are approximately Gaussian.

The generative model we impose on the data is not always realistic. In particular, in many problems
the partition trees on the rows and columns of the matrix are not known ahead of time; only the raw data
matrix is given, and the part of the task is to discover the geometry by rearranging the rows and columns
of the matrix. The trees built after such a process are likely to violate the assumption that the noise is
independent. The analysis we have given in Section 4 of the wavelet shrinkage operator does not apply in
this scenario.

We therefore turn to another way of extracting a mixed Hélder matrix from an arbitrary data matrix that
does not impose a possibly unrealistic statistical model on the data when the partition trees are not known
in advance. Instead of the model from Sections 3 and 4, we instead impose a weaker regularity condition
on the data matrix — namely, that it lies in a Besov ball, which will be defined shortly. As discussed in the
introduction, the Besov norms provide a different way of measuring a function’s regularity by looking at
its variation at different scales. In Section 5.1, we will introduce multiple Besov norms analogous to those
encountered in the Euclidean setting and prove their equivalence.

In [28], the norm

1/p
(Z (fop) (76)

is introduced, where 0 < p < 2. It is shown in [28] that one can write a function f as a sum of a “good”
function g, which is smooth, and a “bad” function b, which has small support, where the guarantees on g’s
smoothness and b’s support size improve as this norm on f shrinks.
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In this section, we extend this result to a broader family of Besov norms, and give characterizations
of these spaces without using the Haar system. These alternate characterizations will yield additional
Calderon—Zygmund decompositions of f that are of potentially greater applicability than the one from
[28].

In Appendix B.1 we will define the Besov norms and prove their equivalence for a single space X equipped
with a partition tree. In Section 5.1, we will generalize these results to the case of the product X x Y of two
spaces. In Section 5.2, we will prove additional Calderén-Zygmund decompositions based on these Besov
norms.

5.1. Product Besov spaces

We now turn to defining equivalent Besov-type norms on the product X x Y of two spaces with tree
metrics dx and dy, respectively. We first define the mixed modulus of continuity in the product of folders
R=IxJeTx xTy:

1/p
wrplf) = (% [ [150) - 1) - s + 5 y’>|pdxdydx'dy') . (77)

R R
We then define the Besov norm, as in the case of a single space, by

1/p
1Fllap = ( 3 |R|°“’wR,p<f>p> (78)

R=IxJ:
I#£X,J£Y

We will show that whenever p > 1 and « > 0, this norm is equivalent to five other norms that measure the
mixed variation of f on rectangles. We will also show that these five other norms are also equivalent to each
other when p > 0, even though they are not equivalent to ||f||a,p for 0 <p < 1.

Let p > 0. We define the local p-variation of a function f on a rectangle R =1 x J to be

1/p
vrp(f) = ( [ 1500 = mx ) — mya ) + mR<f>|pda:dy) (79)
R

and for a > 0,p > 0, we define the norm:

1/p
1AI©), = (Z |R|apvR,p<f>P) . (80)

R

We also define the wavelet norm
1 1/2+41 1/
1713 = (3 @) ey a)p (s1)
o

where the sum is over all tensor products of Haar functions on X and Y, that do not include the constant
functions.
Another equivalent norm is

I1£1

1/p
©) _ (Z |R|—“p|ARf||g) (82)
R

where the difference operators Ar, R =1 x J, are defined by
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Arf(z,y) = Ax 1Ay, s f(z,9) (83)
where
Axrfe,y) = > myi(Hxie,y) —mx i (fxi(@,y) (84)
Tesub(I)
and
mx.rf(y = /f z,y)d (85)

and the corresponding operators for Y are defined similarly.
Another equivalent norm is

1/p
1FIE), = (Z |R|-<a+1/p>P|6R<f>|p) (86)
R

where for any folders I € Tx and J € Ty, we define

)= |1||J\ /f |f'||J| /f 7 /“mu/ /7 o

I'xJ’

where I’ and J’ denote the parent folders of I and J, respectively. It will also be convenient to define the

1 1
5X,1<f)7|/f|7 / / (8)

IxXY I'xXY

Sy, (f /f 7 /f (89)

one-dimensional differences
and

Note that we can expand f as

= S S+ Y St + Y st + [ F (90)

I#£X,J£Y I#£X JAY Xy

It will be convenient to define, for I € Tx and J € Ty
51y / 1 i [ e (1)
I x y 7Tl z,y)ax
] 7
I/
and

dsf(x |J|/fmydy—J,|/fwy (92)

where I’ denotes the parent of I and J’ the parent of J. Note that d;x;f = SISJf = 6](3Jf) = 5J(51f),
where é; and 07 are defined by
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1 1
51(f)|II/fI,|I/f (93)

and similarly for §;.
Finally, we also define the norm

1/
191 = { (% lanl R o) = Y an (04
R

Sk
In other words, for every expansion of f as a linear combination of indicator functions on rectangles, we
look at the weighted p-norm of the expansion coefficients (excluding those rectangles of the form X x J
or I xY), where the weights are powers of the rectangle’s area. The norm of f is then the minimum such
p-norm.

Note that the norms || f|«,, and Hf||£f,)p,0 < ¢ < 4 do not change if we add to f any function that is
constant in one of the variables. Strictly speaking, we should use the term “semi-norm”, though we will
continue to use the term “norm” instead.

We say two norms are “equivalent” if the ratio of those two norms of a function f are bounded above
and below by constants that depend only on the intrinsic parameters of the space, namely By, By, a and p.
We prove the following result in Appendix B:

Theorem 5. The norms | f|a,p and ||f||£f)p, 0 < i <4, are equivalent for all p > 1 and all & > 0. The norms
||f\|£;)p, 0 < i <4 are equivalent for allp >0 and all o > 0.

5.2. Calderon—Zygmund decompositions

We now turn to the main result of this section, namely the use of the Besov norms in writing Calderén—
Zygmund decompositions of f. In particular, we show that a matrix f can be decomposed into a sum of
two matrices, one with a prescribed a mixed Hoélder norm and the other with small support; the quality of
this decomposition can be controlled by the sizes of the Besov norms from Section 5.1.

We will define two explicit decompositions, one based on the norm || f ||((11;, and the other on the norm
||f\|((x41, For the first, we expand f in a Haar series:

=Y (f @) (95)
R
We define the function S by

Sy =Y |R|<—a—1/2+l/mp%m<x, ) (96)
R

and, for a parameter A > 0, we also define the set E)\ by
Ex ={(z,y) : S(z,y) = A}. (97)
We then define the bad function by by

b/\(l',y) = Z <f7 (I)>XR(1',y)7 (98)

R(®)CE\

and the good function g, by
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a=Ff-bx= > (f,®)xr (99)
R:RNES#0

We then have the following theorem:

Theorem 6. Suppose p > 0 and o > 0. Let f be a function on X x Y. Then for any A > 0, with g\ and b,
defined by (98) and (99), we have f = g + by, and the following properties hold:

1. gx has mized variation M(g,o) < CAYP, for a constant C = C(By, By, a)
2. The support of by is contained in the set Ey, and

(1)
|E)\| S (Hf”)‘\%p)p (100)

3. Ex, C Ey\, whenever \1 < Aa.

4. by has mean zero and zero marginals (that is, mxby = myby =0).

When o = 1/p—1/2 and 0 < p < 2, this is exactly the decomposition described in [28]. We next consider
a different decomposition, which imposes fewer restrictions on the bad function by; in particular, it is not
required to have zero marginals. We illustrate on selected examples that the new decomposition is far more
natural in many settings.

Suppose we expand f as a linear combination of indicator functions of rectangles:

[= ZGRXR- (101)
R
Define D = D(f,{agr}r,a,p) by

1/p
D=( > Rl(a“/p”IaRIp) : (102)

R=IxJ:
I#X,J#Y

Note that with appropriate choices of coefficients ar, we can have D = ||f||£,3%), or D= ||f||£,42,
We define the function S by

Ca ar|?
Sea) = 3 IR G e) (103)

R=IxJ: |
I#X,J#Y

and, for a parameter A > 0, we also define the set E\ by
Ex={(z,y) : S(z,y) = A} (104)

We then define the bad function by by

b)\(.’E,y) = Z aRXR(:L'7y)a (105)
RCE)
and the good function g, by
ga=Ff-bx= > arxs (106)
R:RNES#D

We then have the following theorem:
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Theorem 7. Suppose p > 0 and o > 0. Let f be a function on X X Y. Then for any A > 0, with g\ and b,
defined by (105) and (106), we have f = gx + by, and the following properties hold:

1. gx has mized variation M (g, o) < CAYP, for a constant C = C(By, By, a,p)

2. The support of by is contained in the set Ey, and
DP

3. By, C B\, whenever \; < Asa.

Unlike Theorem 6, there is no requirement that by will have zero marginals, and in general, it will not.
However, this turns out to be an advantage in many applications. Many quite reasonable models of noise or
outliers do not satisfy such a stringent assumption. We will illustrate this by example following the proof.

The proof of Theorem 7 mimics the proof of the result from [28]; the proof of Theorem 6 is similar and
will be omitted.

Proof of Theorem 7. First, observe that the function S satisfies:

[ Stdedy = larP || 10w = pr (108)
R

XxXY

Consequently, since Ey = {(x,y) : S(z,y) > A} it follows from Chebyshev’s inequality

Dp
|Ex] < - (109)
A
It is also obvious that if A} < Ay, then E), C Ej,.
Finally, for any R not contained in E), there is some (x,y) € R with S(x,y) < A; consequently,
P
Rl < Sa,y) < A (110)

R|
and so |ag| < AYP|R|*. From Proposition 1, it follows that M(gy, ) < CAYP as desired. 0O

Finding the decomposition f = Y. arxg with minimum value of 3" . |R|(=+1/P)P|ag|P is a convex
optimization problem when p > 1. The case p = 1 is particularly well-suited to the Calderén—Zygmund
decomposition, as expansions that minimize [; norms are generally sparse [42,43] and so encourage the
sparsity of the function by.

We tested two different decompositions on functions of the form f = g+b, where g is a function with small
mixed Hoélder(1) norm and b is a “bad” function. For the first choice of b, we took a function b consisting of
randomly placed bottom-level (on both trees) tensor Haar functions, with large coefficients. The resulting
function f is shown in Fig. 4, along with the individual functions g and b. Note that the color scalings are
different so that the non-zero values of b can be shown more clearly.

We compared a Haar-based decomposition described in Theorem 6 with a minimization-based decom-
position from Theorem 7, where the coefficients are obtained by solving the minimization problem, with
parameters p = 1 and o = 1. This minimization problem can be formulated as a linear program; to compute
the solution numerically, we used the CVX optimization package [44,45].

In general, the coefficients {ar } g that solve the minimization problem are not uniquely defined, and hence
there is a not a unique definition of the functions gy and by using the minimization-based decomposition.
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Fig. 4. The function f = g+ b.
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Fig. 5. The functions f = g 4+ b (on the left), g (in the middle) and b (on the right). The colors for b have been rescaled for display
purposes.

However, the solutions we obtained all yielded functions by whose support coincided with the spikes. In this
sense, both decompositions are successful in that they identify the support of the bad function b.

However, the two decompositions are not equally successful when we run the same experiment with a
different bad function b, consisting of rectangular bumps instead of Haar functions. The resulting function
f is shown in Fig. 5, along with the individual functions g and b; the color scalings are different so that
the non-zero values of b can be shown more clearly. In Fig. 6, we show the Haar-based decomposition for
the choice of A with the smallest error between the original function g and the function gy. Since the bad
function b in this case cannot be written as a sum of Haar functions with small support, the Haar-based
decomposition fails to cleanly split ¢ and b for any value of A; that is, it does not recover the correct
decomposition.

By contrast, for a large range of values of A the minimization approach recovers a bad function by whose
support coincides with the function b. We show the functions gy and by from this decomposition in Fig. 6
as well.

6. Conclusion

This paper has considered two different ways of writing a data matrix with tree metrics on the rows
and columns as a sum of a mixed Holder matrix and a well-modeled residual. In Sections 3 and 4, we
adapted the wavelet shrinkage estimators of Donoho and Johnstone to remove Gaussian noise from a mixed
Holder matrix. In the classical case, these results depend largely on the equivalence of the Hélder norm of
a function and the magnitude of its wavelet coefficients; because this equivalence also applies to the mixed
Hoélder norm on tree metrics and the size of the tensor Haar coefficients, the same analysis goes through.
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Fig. 6. The first row shows the Calderén—-Zygmund decomposition using {3 minimization, while the second row shows the Haar-based
decomposition.

The primary technical challenge in this theory results from the non-homogeneity of the trees (there is not
a strong notion of the level of the tree, since the decay rates of folders can differ drastically down different
branches).

In Section 5, we developed a theory of Besov spaces on trees and the products of trees. In particular,
we defined a natural modulus of continuity and a corresponding multiscale Besov norm, and showed that
this norm is equivalent to other norms that measure the variation of a function across different scales.
Extending the results from one dimension to multiple dimensions was straightforward in all cases; we apply
the one-dimensional result to the function’s variation in each variable separately. The main application of
this theory is that a function can be decomposed into a sum of a mixed Holder function and a function with
small support; the Besov norm controls the quality of this decomposition.

To apply these decompositions to a real data matrix, the user must have row and column trees so that
the matrix in question satisfies the necessary conditions. In many data analysis problems that we encounter
in practice, however, such trees may not be known a priori, and it is incumbent on the practitioner to
construct these trees from scratch.

In [32,28], heuristic methods for achieving a good matrix organization are discussed. The basic technique
for matrix organization described there is to iterate between organizing the rows and columns of the matrix,
using the organization of one to refine the organization of the other. Much recent work has been done
following this same framework; detailed experimental results are contained in Jerrod Ankenman’s doctoral
dissertation [46], which can be explored interactively online [47]. The algorithms used in this work are based
on a metric between vectors related to the Earth Mover’s Distance (EMD) between probability measures
[48]; the computation of EMD on trees is studied in the papers [49] and [50].

Finally, we note that it is straightforward to extend the theoretical results on the product of two spaces
to the product of d > 3 spaces. In applications where data is indexed by three or more coordinate axes this
extension may be useful; for instance, see the recent work [51], in which an experimental database with three
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axes is studied by building trees on each axis. The tree-building algorithms are based on multi-dimensional
versions of EMD and related metrics, described in [50].
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Appendix A. Estimates for trees and function approximation

In this subsection, we will prove some basic estimates we will need throughout the paper. Some of these
are improved versions of estimates found in [28].

Lemma 3. For every 0 <e <1

Z 7] < longl(l/e) + 1.
I:|I|>e

Proof. Let Py = {X}, and for n > 1 let P,, contain all the folders in Tx that are children of the folders
in P,_1. Then by condition (19), for every I € P, |I| < Bf;. Consequently, if n > log g1 (1/e€), then every
folder in P, is of size smaller than €. So

[tog 1 (1/9)]

Yol > D HIS llogp (/o)) +1

I:|I|>e 1€Py,

which gives the desired result. 0O

Lemma 4. For every 0 < e <1 and >0

Z |I|/3+1 < 1 B

€
B
I:|I|<e 1= By

Proof. Let Py be the set of all folders I such that |I| < e but whose parent has size strictly bigger than e;
if e =1, take Py = {X}. Tt is easy to see that the folders in Py are disjoint. For every n > 1, recursively
define P,, to be the collection of all children of the folders in the partition P, _1; note that the folders in P,
are also disjoint. Then

Z 17]PH! = Z Z |1)5+1.

I:|T|<e n>0I€P,

We will estimate Y, [I|°*! for each n > 0. Observe that for any folder I € P, |I| < Bfje. Since the
folders in P,, are disjoint, the sum of their measures is no greater than 1; therefore

Y P < (Bpo® Y I < (Bpe)”.

1€Py I1€Py,

Consequently,
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8 1
> ey m - e
- Y 1-B)
I:|I|<e n>0 U

as desired. O

Corollary 2. For any 0 < € < 1, we have

1 1 1
Z |R|B+1<e’8<1_ 5log351(1/6)+ + )

B B
R:|R|<e By (1-Bp)?* 1-By
(The sum is over rectangles R =1 x J of area not exceeding e, where I € Tx and J € Ty.)

Proof. We can write

Z |R|ﬁ+1: Z |]‘B+1 Z |J|ﬁ+1+ Z |[|B+1 Z ‘J|ﬁ+1

R:|R|<e 1€Tx: JeTy 1€Tx: JETy
- [T]<e [T]>e [J]<e/IT]

1 1 _
265+ Z |I|B+16’8‘I‘ B

- B B
(1-By) L= By (i
1 1
< e+ e’ E |
- B 8
(I_BU)2 1_BU I:|I|>¢

1 1
< e + ?(log—1(1/€) +1). |
(1_35)2 1—B5 ( BU</) )

We deduce a sharper version of an approximation theorem found in [28].

Corollary 3. Let f have mized Holder(a) constant L. Let

gzy)= Y ([, ®)®(z,y).

®:|R(®)|>e
Then

L2 1 1 1
17 =18 < e (1 o (1) + s + 5 )
2 B% 1—B[2] By (1_3121 )2 1_B[2J

Proof. The proof is exactly the same as in [28], except we use the tighter estimate for 3 5 o [R[***!. D

Lemma 5. For every 0 < € < 1, the number of folders I € Tx of area greater than or equal to € is no more
than

1 1
1—BU6.

Proof. Let Sy denote the set of all folders of size greater than or equal to € and with the additional property
that they are either singletons or all of their children are of size strictly less than e. Then the folders in Sy
are all disjoint. For n > 1, inductively define the set S, n > 1, to be the collection of folders I such that
I is a parent of a folder in S,,_; and I does not contain any other parent of a folder in S,_;. Again, the
folders in S,, are all disjoint. Furthermore, each folder in S,, has size greater than or equal to By "¢, and
consequently,
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€
#Sngm < o< x|=1
U Ies,

and so #S, < Bjj/e.
We will show that any folder of size greater than or equal to € must lie in some S,. Assuming this for
the moment, it implies that the total number of such folders can be upper bounded by

Br 1 1
Z#S"SZTU:ZlfBU’

n>0 n>0

which is the desired result.

We now show that any folder of size greater than or equal to € lies in some S,,. Given the collection S,
call I a k*" generation ancestor of S,, if I contains some folder in S,,, and if k is the maximum number of
folders sitting between I and some folder in S,,, not including this folder or I.

We will prove the following claim by induction on k: for any n, all k" generation ancestors of S,, lie in
S,, for some m > n. To establish the base case k = 0, suppose that I is a 0" generation ancestor of S,,.
Then [ is the parent of some folder J € S,,. Suppose that I contained the parent J' of some other folder
J e S,.. Then we have the chain of inclusions J C J’ C I, with J e S,; but this violates the condition
that the maximal such chain ending with I can have length 0. By this contradiction, I does not contain the
parent of any folder in &, and hence is an element of S,,11.

Now suppose the claim is true for some k > 0. Take any n and any (k + 1)*! generation ancestor I of S,,.
Then there is a chain of folders Jy C J1 € -+ € Jry1 © I where Jy € S,,; and no longer such chain exists.
In particular, J; is the parent folder of J;_;.

Now, Jp is the parent of Jy € S,; so the only way for J; to not be in S,,+1 would be if it contained the
parent of some other folder in S,,; i.e. if there were folders Fy, Fy where Fy € S, and Fy C Fy € J;. But

= =

this is impossible, since we could then form the chain Fy C Fy € J; € -+ C Jgy1 € I which has length

=

k + 2. Consequently, J; must lie in S, 1. But then the chain J; C -+ C Jipy1 © I shows that I is a Eth
generation ancestor of S,,11, and by the induction hypothesis I € S,,, for some m > n + 1.

In particular, we have shown that all the ancestors of Sy must lie in some S,,. We conclude by observing
that any folder of size greater than or equal to € is an ancestor of S,,. To see this, take any such folder I
and let Iy be its largest child; let I; be the largest child of Iy; and proceed in this manner. Since the folder
sizes decay, eventually some I; will either be a singleton of size exceeding €, which is an element of Sy; or
some [; will be of size less than e. Take the first such [j; so |I;_1| > e. Since I; is the largest child of I;_1,

all the children of I;_; have size less than ¢, and hence I;_1 € Sy. This completes the proof. O

Corollary 4. For every 0 < € < 1, the number of rectangles R = I x J of area greater than or equal to € is
bounded above by

1 1
€

By (1Og351(1/€) +1).

Proof. The number of rectangles of area greater than or equal to € is

1 7| 11
= < — — < — 1
=Y 1< 15 EY: < S1_ By s (/9 +1)

R:|R|>e¢ JETy: I€Tx: JET
- [J|Ze [I]Z€/]T] [J|=e

which is the desired result. O

Lemma 6. Suppose x € X, >0 and 0 < e < 1. Then
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S Pt (A1)

= 3 €
Ioz:|I<e 1713U
and
-8 LI
doot< e (A.2)
Isz:|I|>e —Bu
Proof. For the first inequality, order the folders in the sum as Iy 2 I; 2 ... . Then |[;| < Bé|[0| < B{,e,

and consequently

P <> B = ! (A.3)

5
IE€S,.. §>0 1-By

The proof of the second inequality is similar. O

Corollary 5. Suppose (z,y) € X xY, > 0and 0 < € < 1. Let S; . denote the set of all rectangles
R=1xJ e Tx x Ty containing (x,y) and of size not exceeding e. Then

1 1 1
Z IR|® < eﬁ< logp-1(1/€) + 55 T 5) (A4)
R>(z,y):|R|<e 1= Bg v (1- BU)2 1- BU
and
_ 1 _
> IRTP< Fe Plog i (1/€) +1). (A.5)
R3(z,y):|R|>€ 1— BU

Proof. To prove the first inequality, we have

Yoo rE=X1mr Y 1P

R ENHP RS I>x Joy:
3(@y):|Rl<e |7 <min{e/|T],1}

DT P Y Py )

P il T
1
<SP > P+ ———=¢
oo, e (1-B})?
I11>e 1II<I11/e
<oy
T1-B) & P a-Bpy
I1>e
B 1
€
< ———(logg-1(1/e) +1) + ————¢€°
1_35( BU(/) ) (1—35)2
as desired.
For the second inequality, we have
D> RTP= D1 o P
RESz.y.e \Il?ge |J\J§ey/:m
s €7 s 1 s
SZIII 1 7| Sl—Bﬁe (IOngl(l/e)Jrl)- U
oG v v
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We can deduce a stronger version of a result from [28].

Corollary 6. Let f have mized Hélder(a) constant L. Let

gzy) = D ([, ®)®(x,y) (A.6)

®:|R(®)|2e
and let C(Br, By) = supg||®|||R(®)|'/2. Then

C(By, By) 1 1 1
=9l < Le® —logs—1(1/€) + —5 + — .
If =gl B2 1-Bg °Bo (1-Bg)?  1-Bg

Proof. The proof is exactly the same as in [28], except we use the tighter estimate for ZR:\R|<6 |R|“. O

Corollary 7. For any $ > 0 and for any rectangle R € Tx X Ty,

S () 1w (A7)

RDR U

Proof. First, note that for any folder |I], taking € = |I| Lemma 6 gives Y -, |J|77 < n 1135 |I|=#. The
- U

result follows easily. 0O

The following result will be useful in Section 5.
Proposition 1. Suppose f = > arxr. Suppose that for every rectangle R = I x J with I # X and J #Y we
have |ag| < Af|R|*. Then the mized variation M (f, o) of f does not exceed C- Ay, where C = C(Bpr, By, «)
s a constant.

We will deduce this from the one-dimensional version:

Lemma 7. Suppose f =), arxr. Suppose that for every folder I # X, |ar| < Af|I|*. Then f(z) — f(y) <
CAysdx(z,y)* for all x #y, where C = C(Br, By, ) is a constant.

Proof. The proof is nearly identical to the corresponding result for the Haar system in [5]. O

Proof of Proposition 1. For any fixed folder / # X, the function ) ;.. arx.xs(y) has coefficients [arx 7| <
Ap|I|*|J|* when J # Y; so by Lemma 7,

> arsll) = x| < CAT (') (A.9)
JeTy

Now, for any fixed y,3’ € Y, we write the difference

) — fay) = 3 xl(x>{ S ars ) —xJ<y'>>}. (A.9)

IeTx JeTy

Viewing this as a function of z, by (A.8) and Lemma 7 we see
fy) = flay) = f@'y) = f2sy') < CApdy (y,y) " dx (2, 27)" (A.10)

which is the desired result. O
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For the next result, we will assume that the number of points in X and Y are comparable; more precisely,
that there are positive constants C';, and Cy such that

op <X <y (A.11)
ny

Lemma 8. Suppose (A.11) holds, and suppose that X andY are equipped with normalized counting measure;
that is, every singleton in X has measure n;(l, and every singleton in'Y has measure n;l. Letb>0,8>0,
and suppose that € = b-n~/B+D | Let N, denote the number of rectangles R such that

eBr, <|R| <¢/Bp. (A.12)

Then there is an N = N(Byp,,Cr,Cy,b,8) and a constant C = C(Byr,Cr,Cy, ) such that for alln > N
N, > Cl 1 A13
e2C- ongl(n). (A.13)

Proof. For any ¢ > 0, let Tx () denote the set of all folders I € Tx of size |I| < §, but whose parent I’
has size |I'| > §. As long as 6 > 1/ny, the folders in Tx(§) form a partition of X (they are disjoint and
cover X ). Consequently,

L= [X]= 3 1] < 6#Tx(9)

IeTx(0)

and so there are at least 1/ folders in Tx (9). Note too that any folder I in Tx (9) satisfies |I| > Bp|I'| > BLd,
where I’ denotes I'’s parent. Define 7y () similarly.

We will count rectangles of the form R = I x J where I € Tx(v/eB;'™) and J € Ty (v/eB%). To ensure
n}l <|I| <1 and n;,l < |J| <1, it suffices to take values of [ satisfying

1> S 1m0 (1) = 5108 (Ci) = 5108+ (1) (A14
1< m log -+ () — 3 o1 () — 1 (A.15)
I < z(ﬂiﬂ) tog -1 (n) — 3 logp—+ (Cy) + 3 Togysoa () — 1 (A.16)
1> m log 1 (n) + %longl(b). (A.17)

When n is sufficiently large, there are at least Clongl(n) such values of [, where C = C(By,CL,Cy, B).
Furthermore, for each [, there are at least 6_1/2BlL+1 folders in TX(\/EBZZA), and at least G_I/QBZZ folders
in 7}(\/EBZL), consequently, there are at least By, /e such rectangles R for each [, and so in total there are
at least Ce™! logp—1 (n) rectangles.

Observe that for any such R, |R| < /eB;'"'\/eB! = ¢/By, and |R| > B}\/eB;'"*\/eB. = ¢By, so these
rectangles satisfy condition (A.12). This proves the desired lower bound on N.. O

Appendix B. Besov spaces and the proof of Theorem 5
The purpose of this section is to prove Theorem 5, on the equivalence of the product Besov norms.

However, before doing so it is convenient to state and prove the analogous result for Besov norms on a
single space. The proof for product spaces will be easier to derive using the one-dimensional result.
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B.1. Besov spaces on a single space

We define the analogue of the classical modulus of continuity as follows. For p > 0 and any folder I € Tx,

let
wiplf) = (ﬁ [ [ - f(y)pdxdy)l/p (B.1)

when p < oo, and

wr,eo(f) = sup [f(z) — f(y)l. (B.2)

z,y€l

wrp(f) measures the p-variation of f on the folder I. Let o > 0 and p > 0. We define the following
Besov-type norm for functions on X.

/]

(X |1|“pwz,p<f>p)l/p. (B.3)

I#£X

In other words, we measure the variation of f on each folder I, as measured by wr,(f), and then take
a weighted LP-norm of these variations. When p = oo, the p-norm of the summands is replaced by the
supremum; note that || f||a.c0 is simply the Holder(«) norm of f.

Whenever p > 1 and « > 0, we will show that the norm ||f||«,, is equivalent to five other norms, each
of which measures the variation of the averages of f across different folders in a different way. We will also
show that these five other norms are all equivalent to each other for all p > 0 and a > 0.

Let f be a function on X and « > 0. Then for any folder I € Tx, define the mean p-variation of f on I
by

oslf) = [ 1) = mi(p)ra) v (B.4)
I

when p < oo, and

U1,00(P) = sup |f(z) = mi(f)]. (B.5)

In other words, vy ,(f) measures how far f differs from its average on I, where the difference is measured
in LP.
Let a > 0 and p > 0. We define:

1/p
11O, = ( 3 III"pvz,p(f)p) . (B.6)

I#X

In other words, we measure the mean variation of f on each folder I, as measured by vy ,(f), and then take
a weighted LP-norm of these variations.
We can also use the Haar coefficients to measure the function’s variation, defining

1/p
A5, = <Z |[1(g)| o1/ 2HPIR (], ¢>|p> (B.7)
@

Another equivalent norm is
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1/p
A2 = ( ) III"“”IIAzfllﬁ) (B.)

I#£X

where the difference operators A; are defined by

Arf() =Y mi(H)xi(@) —mi(f)xi(x) (B.9)

Tesub(1)
Yet another equivalent norm is
) 1/p
1916 = (32 In=smrissype) (B.10)
I£X

where the difference operators §; are defined by

1 1
51(f)|II/fI,|I/f (B.11)

and where I’ denotes the parent folder of the folder I.
Finally, we also define the norm

1/
171 = nt { (32 a1 0) s = Y e} (B.12)
I

I#£X

In other words, for every expansion of f as a linear combination of indicator functions on folders, we look at
the weighted p-norm of the expansion coefficients (excluding the topmost folder I = X), where the weights
are powers of the folder’s measure. The norm of f is then the minimum such p-norm.

All the norms we have defined are equivalent in size, for appropriate parameter ranges. More precisely,
we have the following theorem:

Theorem 8. The norms | fla,p and ||f||(()f)p, 0 < i <4, are equivalent for all p > 1 and all & > 0. The norms
||f\|§j?p, 0 < i <4 are equivalent for allp >0 and all a > 0.

The remainder of this section is devoted to proving Theorem 8. In Section B.2, we will then give the
proof of the two-dimensional version, Theorem 5.

Lemma 9. For p > 0, there is a constant C = C(Byr, By,p) such that wy ,(f) < Cvrp(f) for all functions
fonX.

Proof. For p < oo, we write

[f (@) = fW)IP < Cp)(|f (&) = me(HIF +1f(y) —me(F)P). (B.13)

Integrating each side in both = and y over I yields and dividing by |I| yields the result. The case p = co is
even simpler. O

Corollary 8. For p > 0 and « > 0, there is a constant C = C(Byr, By,p) such that || f|la,p < C||f||(()9;j for
all functions f on X.

Lemma 10. For p > 1, there is a constant C = C(By, By, p) such that v; ,(f) < Cwy p(f) for all functions
fonX.
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Proof. From Jensen’s inequality, we have

I/ F(@) = ma(f) e = / ]f<x> - / F(w)dy

p
dx

1 P
< / / (@) — f(g)Pdyde (B.14)

which immediately yields the desired result. O

Corollary 9. For p > 1 and « > 0, there is a constant C = C(By, By,p) such that ||f||(aoi) < Clflla,p for
all functions f on X.

Lemma 10 and Corollary 9 are not true when 0 < p < 1. It is easy to build a counterexample; take, for
instance, the function f defined by

[I7Y ifzel
A=) it g T

where I is some folder in Tx. It is easy to check that the ratio vx ,(f)?/w(X,p)(f)P is proportional to
[I|P~1 4 (1 — |I])P~!, and so is unbounded as |I| goes to zero whenever 0 < p < 1.

Lemma 11. For any function f on X, any folder I € Tx and any p > 0,

IALflE = > 16:(HIPI) (B.16)

Tesub(I)

Proof. We have

Arf= > mi(Hxi— >, milFxri= Y. 6:(Fxs (B.17)

Tesub(I) Tesub(I) Tesub(I)

and the result follows. O
The following corollary is immediate:
Corollary 10. The norms Hf||g2%, and Hf||((l3%; are equivalent.
We turn to the other norms. The following lemma will be convenient.

Lemma 12. Suppose {a;}ici~ is any collection of numbers, indexed by the folders in Tx contained in I*;
suppose too that p >0 and 0 < s < 1/p. Then there is a constant C = C(p, s) such that

p
( > |a1||f> <O PR Y 11 arl” (B.18)

ICI* ICI*
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Proof. If 0 < p <1, the result is immediate, since

( 3 a,||;|) < 3 (adl). (B.19)

Icr~ Icr+

Suppose p > 1. Let P; denote the set of subfolders of I* such that 2~(+1) < |I|/|I*| < 27! and let
1/p+1/g=1. Then

IES SO NNLES O |)/( ) |f|q)1/q. (B.20)

Icr- 1>0 IEP 1>0 NIeP, IeP,
Now
SO < g Y ol < g gl (B.21)
1P, 1P,
since there are no more than 2/ folders in P;. Consequently,
1/p 1/q
S el <3 () (3 w)
IcI* 1>0 NIeP, IeP,
1/p 1/q
<oX (S k) (o)
1>0 NIeP,
1/p
_ C|I*| Z 2—1(1—1/‘1) ( Z |alp)
1>0 IeP
- o (B.22)
1/q 1/p
< C|I*|(22—l(q—1)215q> (Z Z 2—lsp|a1|p>
1>0 1>0 I€P,
1/p
<o (X 3 miert)
1>0 IEP,
1/p
= CII*IH< > |f|5”la1|p>
Icr+
Note that the geometric series converges since s < 1/p. This completes the proof. O
We now show the equivalence of || f HS’L and || f II&%
Proposition 2. The norms ||f\|§’2, and ||f\|&42, are equivalent.
Proof. Since we can write
f=mxf="Y6(f)xs (B.23)

I#£X

the inequality || f||£,i2,, < |If |\£§§, is immediate. For the other direction, take any expansion of f as a linear
combination of indicator functions, f(z) = Y ;arxs(x). Take any I # X. We will estimate the size of d;.
First, observe that
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NIl |I'nli
_ ) _ . B.24
g Z( I (324

The only summands that are non-zero are those with I C I'. Suppose I C I’; then a crude estimate yields

Ini| |I'ni| 1|
- <2 (B.25)
’ ] '] 1]
We get the estimate
7]
611 <2 Jaglm ik (B.26)
Icr

Consequently, if max{0,1/p — a} < s < 1/p we have, using Lemma 12

Z |I|( a+1/p)P\51|P <C Z 1|~ (a+1/p)p< Z |a1|:§:>

I#X I#£X Icr
<C Z |I|(—a+1/p—5)p Z |a1~|p\f|3p
7x Ier (B.27)
<C Z |af‘p|_f‘8p Z |I|(—C¥+1/P—5)P
I#x oI
<CY oyl
I#x
which is the desired result. O
Next we bring the wavelet norm into the picture.
Lemma 13. There is a constant C = C(By, By,p) such that
1A fIlp < C© Z (f PP (B.28)
d:I(p)=I
for all functions f on X
Proof. One easily checks that
Arf= > (f.0)¢. (B.29)
$:1(p)=I
From the estimate ||¢||oo < C|I(¢)|7/2, it follows that ||¢[|, < C|I(¢)|*/P~1/2, from which we get
IAflE<C >0 KA o (B.30)

¢:1(d)=I
Corollary 11. There is a constant C = C(Br, By,p) such that ||f||a;) < C||f|\(1;, for all functions f on X.

Proposition 3. The norms ||fH a,p and ||f|| a,p are equivalent.
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Proof. First, we write

Arf)@) = Y mi(Hxp(e) —mi(f)xi(e)

Tesub(1)
(B.31)
= > (mif) = f@)xi(x) = (mi(f) = f(@)xi(x)
Tesub(1)
Therefore,
2y <ol X w00+ ) (8.32)
Tesub(1)
from which ||f|\&233 < O flap easily follows.
For the other direction, we write (f — m(f))xr as a telescopic sum:
(f =mr(f)xi =) Apf (B.33)
Icr
When 0 < p < 1, this yields the estimate
vip(FP <D 1A (B.34)
Icr
from which it follows that
DI, < 3T IAIE
I£X I£X icr
< A (B.35)
=D 1A AIBY TP <O Y TP IA Iy
I#x Iof I#x

where C'= C(By, a,p); 50 || flla,p < C|\f||((12)p When p > 1, a little more work is required. For [ > 0, let 7,
denote the folders sitting [ levels below I (so Py = {I}, P; = sub(I), etc.). (B.33) can then be written as:

(f=mi(f)xr=>_ > Af (B.36)

120 jep,

Let 0 < s < o, and 1/p+ 1/q = 1. We have

.

7= minpar < (23 |Aff|>p < (ZB;’”)p/qZBEP( L

120 jep, 120 >0 Iep (B37)
=C> BP Y AP < CIIP Y 7P| fIP

120 Iep, Icr

where we have used the fact that the supports of the functions A;f are disjoint, so > ;cp [A;f[P =
> iep, |A;fIP. Taking the integral of each side yields:

rp(f)? < CUPP Y P A I (B.38)

Icr
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Consequently, we have

DI Por,(f)r < C Y [T A

I#£X I#£X icr
=C Y I PIAwflIp Yo 1| CerP (B.39)
I#x IDF
< Sl
I#x
Le. [fllap < O

We now complete the full proof of equivalence of all the norms:

Proposition 4. There is a constant C = C(Br, By,a,p) such that ||ng£1 C'||fH a,p for all functions f
on X.

Proof. We introduce some notation. For any Haar function ¢(x), if I is a child folder of I(¢) let a? denote
the unique value that ¢ takes on I. We can therefore write ¢ = > Tesub(1(6)) a?x;. We have the estimate
laf| < Cl1(¢)]71/2.

Take any expansion of f as a linear combination of indicator functions, f = Y, arx;. Since the Haar
functions are all mean zero, we have

S Y walinI<c@) Y ezl (B.40)

ICI(¢) I€sub(I(9)) IcI(®)

Using this estimate, we apply Lemma 12 and get, for max{0,1/p —a} < s < 1/p,

P
Z‘I |( a— 1/2+1/p)p|<f¢ |p<CZ|I |( a— 1+1/p)p< Z |a1||f>

ICI()
= CZ [|CetemIny Har|P| 1]
Icl (B.41)
= CZ las|P|I|*P Z |I|(—e+t/p=s)p
I oI

< CZ lag|P|I|(-att/pp
I

or in other words, ||fH( ap < C|\f||a », as desired. O

Combining Corollary 8, Corollary 9, Corollary 10, Corollary 11, Proposition 2, Proposition 3 and Propo-
sition 4, we have completed the proof of Theorem 8.

B.2. Proof of Theorem 5

We now turn to the proof of Theorem 5 on the equivalence of the two-dimensional Besov norms.

Lemma 14. For p > 0, there is a constant C' = C(By, By, p) such that wr ,(f) < Cugp(f) for all functions
f on X XY and rectangles R=1 x J.
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Proof. We apply Lemma 9, the corresponding result for one space, twice. For fixed z, consider f(z,y) —
mx,rf(y) as a function of y. By Lemma 9, we have

1 / . /
7|J/J/|f(w,y) —mx 1 f(y) — flz,y") + mx 1 fy)|Pdydy
< C/ [f(x,y) = mx 1 f(y) — mysf(x) +mrf|Pdy. (B.42)
J

Now we fix y and y’ and consider f(x,y) — f(z,y') as a function of z. Applying Lemma 9 again to this
function yields

1 ") — ! ! 2\ |P /
7II/I/WJ”’?/)f(fv,y) fa' y) + @', y) Pdada
I

Putting (B.42) and (B.43) together gives the result. O

Corollary 12. For p > 0 and o > 0, there is a constant C = C(By, By, p) such that || f|la,p < C’||f||(a0%, for
all functions f on X.

Lemma 15. For p > 1, there is a constant C = C(By, By, p) such that vr ,(f) < Cwr p(f) for all functions
fon X.

Proof. As in the proof of Lemma 14, applying Lemma 10 to the functions = — f(z,y) — f(z,y’) and
y— f(z,y) —mx 1 f(y) gives the result. O

Corollary 13. For p > 1 and « > 0, there is a constant C = C(Br, By, p) such that Hf||((10)p < Clflla,p for
all functions f on X.

Lemma 16. For any function f on X XY, rectangle R=1x J,I € Tx and J € Ty, and any p > 0,

IARIE =D > [Brs(HPHPIIP. (B.44)

Tesub(I) Jesub(J)

Proof. This follows by repeated application of the corresponding one-dimensional result, Lemma 11. By
Lemma 11, we have

/ Axibyof@yPde = 3 Sava f@PI) (B.45)

Tesub(T)

Integrating out in y and applying Lemma 11 again then yields
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/ / AxrAy, s f(z,y)Pdedy = / S 1818y )P Idy
Tesub(T)
S / Ay 81 £ ()P |TIdy
Iesub(I) (B46)

Yo D 650N

Tesub(1) Jesub(J)

Yo D o f P

Iesub(I) Je€sub(J)

which is the desired result. O
Corollary 14. The norms Hf||((123J and Hf||&3;, are equivalent.
Proposition 5. The norms ||f\|((131, and ||f||,(14;, are equivalent.

Proof. Since we can write

F=Y" dna(Dxaxalmy) + D ar(Pxa(@) + > 6s(FHxsy) + / f; (B.47)

I#£X,JAY I#£X JAY hy
. . (4) 3) . . .
the inequality ||f|le.p < || flla.p is immediate.

For the other direction, take any expansion of f as a linear combination of indicator functions of rectangles:
[ =2 rarxg. Fix any folder I, and define the function

91(W) =Y anaxs(). (B.48)

JeTy
By Proposition 2, we have the inequality
ST 18P < 0N Jagy 7] g| ot (B.49)
JAY J£Y
Now, we have
0rf(x) =Y dslgn)xs(x) (B.50)
IeTx

and so another application of Proposition 2 yields

Z 615 (£ PP = Z 161(0 f)[P|T| (ot /Pe

I#£X I#£X

<CY |6 (gn)P|T|Cett/pr (B.51)
I1#X

Combining (B.49) and (B.51) yields the desired result. O
Lemma 17. There is a constant C = C(Br, By, p) such that

IARfIE<C > [(f, @) R (B.52)
®:R(®)=R
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for all functions f on X xY . Note that the sum is over all tensor Haar functions ¢(x)y(y) (non-constant)
so that I(¢) x J(¢) = R.

Proof. We prove this by repeated application of the corresponding one-dimensional result, Lemma 13.
Suppose R = I x J. We fix an arbitrary y and consider Ay ; f(z,y) as a function of . Lemma 13 then gives

[18xibrsfeylris <C 3 (BvafCaaPl (B.53)
p:I(p)=1

Now fix any ¢ with I(¢) = I and consider the function y — (f(-,y), ). From Lemma 13 applied to this
function, we observe:

/ (Av.£(1y), ) Pdy = / Ay (f( ), )Py
<C S W8P

pid (p)=J
=C Y [fenplre. (B.54)
Combining (B.53) and (B.54) yields the desired result. O

Corollary 15. There is a constant C = C(Byr, By,p) such that Hf||((12) < C'HfH a,p for all functions f on
X xY.

Proposition 6. There is a constant C = C(By, By, o, p) such that Hf||((11%; < C'Hf||(2p for all functions f on
X xY.

Proof. The proof is nearly identical to that of Proposition 7 below; we leave the details to the reader. O
We complete the proof that all norms are equivalent by showing || £[|\"h = [|£]|5-
Proposition 7. The norms ||f\|§?§, and ||f\|(a1%, are equivalent.

Proof. As usual, we reduce to the corresponding statement for the one-dimensional norms. Fix a Haar
function ¢ on X let g4 = (f(-,y), ¢). Observe that

v1p(90)" / FC0). ) = matf )Py
= 1) = mya(h). )Py, (B.55)
J

Then Theorem & implies

ZIJ TP gy )P 2 N T| TP o, (gs) P

JAY

=3 e / (£ ) = mys (F), B)Pdy. (B.56)

JAY

Now, again by Theorem 8 we have
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D (@) ERYPRI(f( y) —my (), S
o

~ Y jper / () — iy £(@) — mx 1 £(5) + e () P (B.57)

I#£X

Putting (B.56) and (B.57) together, we get:

A1 = ZZ (@)1 (@)]) = EHDP(f, )P

=3 II(rb)I(’““/Q)” DT EPIP (gy )P
o v

~ S |H(g)| oI § g / o) = mys (), &) Py
¢

JAY

—C Y e / Zu (2D (£ ) — my s (£), )Py

JAY
~ > |J|_ap/z 11~ ap/|f z,y) —my,s f(@) —mx 1 f(y) + moxs (f)[Pdady
JAY I1#£X
=CIfIS, (B.58)

which is the desired result. O
This completes the proof of Theorem 5.
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