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Abstract

We study the family of sliced Cramér metrics, showing that they are robust to a broad class of geometric
deformations. Our central results are that the sliced Cramér distance between a function and its deformation
may be bounded by certain natural measures of the deformation’s displacement, multiplied by the function’s
mean mixed norm. These results extend to sliced Cramér distances between tomographic projections. We also
remark on the effect of convolution on the sliced Cramér metrics. We compare these properties of sliced Cramér
metrics to similar properties satisfied by Wasserstein distances. In addition, we study computationally efficient
Fourier-based discretizations of the Cramér and sliced Cramér distances in 1D and 2D, and prove that they are
robust to heteroscedastic noise. The results are illustrated by numerical experiments.

1 Introduction

This paper is concerned with properties of the sliced Cramér metrics, a family of distances that extend the classical
univariate Cramér metrics [12, 56, 67, 79] to functions in R? via the “slicing” operation. Sliced Cramér metrics have
been the subject of investigation in a number of recent works in machine learning and image processing [6, 39, 29, 61],
where they are contrasted with sliced Wasserstein distances. Our main results describe the robustness of these
distances to deformations of the input functions. The question of robustness is natural when considering which metric
to use for a given application, as one would often like to use a metric that is insensitive to small perturbations of
the input data. Prior work has explored the robustness of Wasserstein-type metrics, including the sliced Wasserstein
distances, to certain geometric deformations. In the present work, we will show that the sliced Cramér metrics
exhibit similar properties. In addition, we also study other properties of practical interest, namely the sliced Cramér
metrics’ behavior under convolutions and in the presence of additive heteroscedastic noise.

1.1 Geometric deformations

It is often desirable for a metric to be robust to a specified class of deformations of the inputs. For example, in image
processing, one may seek a metric that is insensitive to small translations, rotations, changes of scale, or perturbations
in the parameters that generate the image. While there are many classes of deformations of practical interest, in
this paper, we consider the family of push-forward deformations of a function: if ® is a C'' bijection mapping into
the domain of a function f, it induces the deformation fo(x) = f(®(x))|V®(z)| of f. Such deformations preserve
f’s integral and L' norm. Other works have considered metric stability under different classes of deformations,
such as those that preserve f’s L° norm [42, 3]; however, integral-preserving deformations are more natural for
understanding sliced Cramér metrics, which are often used to compare probability measures.

In prior work [37, 54, 61], it is shown that certain metrics are robust to the action of deformations, in the sense
that the distance between a function and its deformation under ® may be bounded above by a suitable measure of
the “size” of ®. One possible definition of deformation size is the maximum displacement, max,, |t — ®(z)|. In this
paper, we consider a family of measures of displacement size, defined in Section 2.1, which includes the maximum
displacement as a special case. Proposition 2.1 in Section 2.1 relates the different measures of deformation size.



1.2 Wasserstein and sliced Wasserstein distances

Prior works on metric robustness have focused primarily on the family of Wasserstein distances, defined between
probability distributions. Informally, the p-Wasserstein distance between two probability distributions f and g is
equal to the minimal cost of transforming f into g by rearranging the mass, where the cost of moving mass from
x to y is proportional to |z — y|P [70, 71]; we review the precise definition of Wasserstein distances in Section
2.3. The Wasserstein distances are popular metrics in a range of machine learning and statistical applications
[50, 51, 59, 9, 52, 58, 38, 8, 55, 46, 10]. Sliced Wasserstein distances are defined by averaging the 1D Wasserstein
distances over all 1D tomographic projections of the functions [6, 39, 29, 61].

It is known that Wasserstein-type distances exhibit several kinds of geometric robustness, as explored in the
prior works [37, 54, 61]. Specifically, [54, 61] show robustness to rigid deformations (translations and rotations) for
comparing 2D tomographic projections of a 3D volume; this suggests that these distances — and other distances
satisfying similar properties — are a natural choice for studying tomographic images, such as those arising from
single particle cryogenic electron microscopy (cryo-EM) [64, 7, 15], as well as other scientific problems for which the
measurement modality only permits observing projections of an object [13, 48, 26, 27, 65, 11].

In Section 2, specifically Theorem 2.2 and Theorem 2.3, we state fairly general robustness properties of Wasser-
stein and sliced Wasserstein distances. Though we have not seen these results published previously, they follow
straightforwardly from prior work, and further help elucidate why Wasserstein distances are often a useful class of
distances. The fact that Wasserstein-type distances are robust to deformations is not surprising, as robustness is
essentially “baked into” the optimization problem that defines the Wasserstein distance. Indeed, from the Monge
formulation of Wasserstein distance it is tautologically true that the p-Wasserstein distance between a probability
density f and its deformation fs is bounded by the maximum displacement of ®. It is therefore natural to ask
whether other families of metrics exhibit similar robustness properties, even when such robustness is not an intrinsic
part of their definition. This is one of the motivations behind our present work.

1.3 Cramér and sliced Cramér metrics

The focus of this work is the family of sliced Cramér metrics. We will recall the precise definition of these metrics
in Section 2.6: briefly, the p-Cramér distance between univariate functions f and ¢ is the LP distance between
the Volterra operator (the indefinite integral operator) applied to f and g, and the sliced Cramér distance between
multivariate functions f and g is defined by averaging the Cramér distances between all one-dimensional tomographic
projections of f and g.

The Cramér and sliced Cramér metrics have been proposed as alternatives to the Wasserstein and sliced Wasser-
stein distances in certain machine learning environments [6, 39, 29]. Despite this, it appears that the geometric
properties of the sliced Cramér metrics (or even the Cramér metrics themselves) have not been thoroughly explored.
Furthermore, whereas Wasserstein and sliced Wasserstein distances are defined between probability distributions,
certain applications require distances between functions with both positive and negative values (such as when ob-
servations are corrupted by additive noise). Because sliced Cramér distances are defined between any two functions,
not just probability distributions, and because the two families of metrics have similar definitions (in fact, the sliced
1-Cramér and sliced 1-Wasserstein metrics are identical), it is natural to consider using sliced Cramér distances
in these settings. It therefore becomes of particular interest to understand whether they share similar robustness
properties as Wasserstein-type distances.

We will show that, like Wasserstein and sliced Wasserstein distances, the sliced Cramér distances are provably
robust to deformations. In fact, the robustness bounds we prove for sliced Cramér metrics are in some sense stronger
than those for Wasserstein distances: more precisely, when p > 1, the sliced p-Cramér metric is bounded by a concave,
non-linear function of the deformation’s maximum displacement, whereas the corresponding bound on Wasserstein
grows linearly with the maximum displacement. That is, while the bounds are similar for small displacements,
the bounds for the sliced Cramér metrics are stronger for large displacements. Of course, whether or not this is
an advantage will depend on the specific application; nevertheless, it is of interest to understand the differences in
behavior between these metrics.

1.4 Noise and convolutions

In addition to showing their robustness to deformations, we will remark on the behavior of sliced Cramér metrics
under convolutions of the input functions. In typical scientific applications, each observation will be a convolution of
the underlying physical object with a filter that arises from the measurement apparatus. It is therefore of interest to



understand how a metric changes when the inputs are each convolved by a common function. Since convolution is a
smoothing operation, one expects that the convolved functions will be closer to each other than the clean functions.
Indeed, this is the case for LP distances (due to Young’s convolution inequality), and is also true for Wasserstein
and sliced Wasserstein distances. We make the simple observation that the same is true for sliced Cramér distances.
This result essentially appears in the paper [74]; though the statement there is restricted to comparing probability
distributions, it is straightforward to extend it to the case of general functions.

We will also study computationally efficient, Fourier-based discretizations of the 1D Cramér metric and 2D sliced
Cramér metric; the latter is based on the discretization described in [61]. We will show that this discretization
is robust to additive, heteroscedastic Gaussian noise: that is, when applied to samples from a signal-plus-noise
model, the estimated distance converges to the distance between the signals only, and filters out the noise. This
is a useful property for a metric to have (though one that is by no means unique to the sliced Cramér metrics —
there are many methods for filtering out noise). The result also highlights a difference between the sliced Cramér
and Wasserstein metrics, alluded to earlier in Section 1.3: because Wasserstein-type distances are defined between
probability distributions, it is not always clear how to define them for noisy samples, whose values may be positive
or negative and whose sums may not be equal. By contrast, sliced Cramér metrics are a priori defined between
functions with mixed signs and unequal integrals.

1.5 Mean mixed norms

The main results in this paper bound the sliced Cramér distance between a function f and its deformation fg. Of
course, these bounds necessarily depend on both the function f and the deformation ®. We have already alluded
to the dependence on ® in Section 1.1. The dependence on f is through its so-called mean mixed norm, defined
by averaging f’s mixed L!-LP norms; the precise definition may be found in Section 2.2. While they may appear
complicated at first glance, the use of the function’s mean mixed norm, as opposed to the more simpy defined LP
norm, permits bounds that do not explicitly depend on the size of f’s support. We also observe (see Remark 1 in
Section 2.2 below) that compactly supported functions in LP necessarily have finite mean mixed norm.

1.6 Notation and conventions

Throughout the paper, we will assume familiarity with basic concepts of measure and integration, e.g. at the level of
[19] or [25], and the rudiments of probability theory. In this section we briefly review several definitions and introduce
the notational conventions that we will use.

1.6.1 Lebesgue norms

Throughout, we denote by | fllr = (Jpa |f( |pdx)1/p the Lebesgue p-norm of a function I Rd —> R (with the
obvious modification when p = o0), and denote the standard inner product as (f,g) f]Rd x)dx. We also

1/p
define the p-norm ||z|, for vectors x in R? as |z, = (ijl |xj|p> (again, with the obvious modification when

p = o0). When convenient, we will also denote the 2-norm of a vector = in R? by |z|. We also denote the inner
product between two vectors  and y in R? by (z,y) = Z;l:l z;y;.

1.6.2 Absolute continuity

For a given interval (a,b) C R, we denote by Ay = Ap(a,b) the set of abbolutely continuous functions G on (a,b)

satisfying G(b) = 0; note that such functions may be written in the form G(z) = — f g(t) dt where g = G’ almost
everywhere.

1.6.3 The Fourier transform

We denote the Fourier transform of a function f : R? — R in L' by f = Jpa f( e 2mite ’5>dx With this convention,

under mild conditions f may be recovered using the inverse Fourier tranbform f fRd £)e2 @8 ge.



1.6.4 Tomographic projections and the Radon transform

Let U = (uM,...,ulM) € S x -+ x §%1 (where S*~! C R? is the (d — 1)-dimensional unit sphere) denote an
ordered collection of r unit vectors in R%. Let vtV ... u(¥ denote d — r orthonormal vectors that are orthogonal
to uq, ..., u,.. We define the tomographic projection P; onto span{u(l), . ,u(r)} by

(Puf)(te, .- tr) = / Fltru® 4t s sy @) ds. (1)
Rd—T

When r = 1, we denote the tomographic projection of f onto the span of a unit vector u by P, f. Note that in this
case, the Radon transform Rf : R x S?~! of the function f is defined by (Rf)(t,u) = (P f)(t). For more background
on these transforms, see, for example, the references [48, 26]. A standard result that we will use is the Fourier slice

— ~

theorem: (P, f)(€) = f(&u), for any unit vector u € R? and real number &.

1.6.5 Push-forwards

If Q@ ¢ R is a (non-empty) open set, x is a finite, signed measure on €2, and ¥ : Q — R is a measurable function,
we denote by Wyu the push-forward measure, (Uyu)(E) = p(V~1(E)); e.g. see [51]. Note that (Uyu)(¥(Q2)) =
p(TH(¥(Q))) = p(2). When g is induced from a function f supported on Q, i.e. u(E) = [, f(z)dz, and ¥ is a
diffeomorphism between  and ¥(Q) with inverse ® = U~!, then Wyu has density f(®(xz))|det(VP(z))|. We will
write (¥4 f)(z) = (@tflf)(sc) = f(®(x))|det(VO(x))], or fo(z) = f(P(x))| det(VP(x))| for short.

1.7 Outline of the remainder of the paper

The remainder of the paper is structured as follows:

1. Section 2 introduces key definitions and background material. Theorem 2.2 and Theorem 2.3 establish general
robustnes properties of Wasserstein and sliced Wasserstein distances, respectively; these results appear to be
new, though they follow easily from prior literature.

2. Section 3 states the main theorems on the robustness of sliced Cramér distances to geometric deformations.
Theorem 3.1 and Corollary 3.2 give bounds under quite general conditions. Sharper bounds are proved for
several special cases of interest in Section 3.2, including rotations, translations, and dilations. In addition,
Theorem 3.13 describes the behavior of sliced Cramér metrics under convolutions.

3. Section 4 analyzes Fourier-based approximations to the Cramér distances and the 2D sliced Cramér distances,
the latter with respect to the uniform measure over S'. Theorems 4.1 and 4.10 show that these discretizations
are robust to additive heteroscedastic Gaussian noise.

4. Section 5 shows the results of several numerical experiments illustrating the theoretical results, including
comparisons between the sliced Cramér, sliced Wasserstein, and Lebesgue distances.

5. Section 6 concludes the paper, providing a summary and topics for future research.

2 Background definitions and theory

This section introduces key definitions and background results that will be referred to in the rest of the paper. We
draw particular attention to Theorem 2.2 and Theorem 2.3 on the robustness of Wasserstein and sliced Wasserstein
distances, which we have not seen published in the literature (but which follow straightforwardly from previously
published results).

2.1 Deformations and displacement

Given an open, non-empty @ C R? and a C', invertible ¥ defined on  with inverse ® = U1 we will call the
push-forward fe(x) = f(®(x))|det(VP(x))| a deformation of f, and will also call the mappings ® and ¥ themselves
deformations.



We define the mazimum displacement of the deformation ® by

Eoo(P) = e |z — ®(z)]. (2)

For example, if u is a fixed unit vector, then the function ¥(x) = = + eu has e, (V) = ¢.
If u is a unit vector and ¥ is a C'!, 1-to-1 mapping defined on 2, we define the maximum displacement of ¥ along
u to be

(W, u) = max |(z = W(2), u)|. (3)

Note that the maximum displacement can be written as

€00(¥) = max (T, u). (4)

u€eSd—1

For a given probability distribution 7 over S4~1, and a value 1 < p < oo, we define the mean displacement of U
as

co® = ([ cwaranm) )

Note that if ® = U~!, then for all u,

=e(P,u). (6)

It then follows immediately that e (®) = e (¥) and &,,(P) = €,,,(¥). When 7 is the uniform measure, we will
denote &, ,(¥) by €,(¥). Also, when d = 1, all measures of distortion are identical, and we will denote their common
value by ().

Clearly, €, ,(¥) < 5o (¥) for all p. The following result shows what is lost when the inequality is reversed:

Proposition 2.1. Let z* = argmax, |[x — U(z)|, and let v* = (z* — U (z*))/|x* — U(x*)|. Then
1/p
) 2 (0 ([ ol an)) )

Proof. By definition, €4 (V) = |2* — U (z*)|. For all unit vectors u,

(W, u) = max [(z — U(x),u)| > [(z" = W(2"), u)| = |27 = V(2] [(u", u)] = o (V) - [(u", ). (8)

The result then follows from averaging over u.

For example, if d = 2 and 7 is the uniform measure over S!,

2.2 Mean mixed norms

Fix a probability measure 7 over the unit sphere S?~! in R?. For a function f on R%, we define the mean mized
norm

1/r
sz = ([, 12D ngepinte)) (10)



forany 1 <p<ooand1<r < oo; and

[ fllage.ee = [[fllagz-oe = esssup [[Pu(l )]l e (r)- (11)
u€Sd—1

When p = r, we will define || f|az = |||l asz-

For a fixed u, ||Pu(|f])| L) is an example of a so-called mized norm [28], namely, the L norm of the L' norm
of f. The mean mixed norm is then obtained by averaging this mixed norm over the choice of LP variable.

Remark 1. If f is supported on a bounded open set and f € LP, then | f[|pz~ < co. More precisely, if f is
supported on a ball of radius R > 0, then, || f[/pz+ < (2R)@=D@E=1/P|| f| 1.

Remark 2. If 7 is the uniform measure, or if r = oo, then || f[[5z+ is rotationally-invariant.

2.3 Wasserstein distances

If f and g are probability densities on a subset Q2 C RY, their p- Wasserstein distance W,(f,g) (also known as the
Kantorovich distance) is defined as

1/p
Wit = i ([ [ e spanten) (12)

where M(f, g) denotes the space of all probability measures on  x Q with marginals equal to f and g, respectively
[70, 71]. That is, IT € M(f, g) if for all measurable E C (2,

II(E x Q) = /Ef(a:)dx, (13)

and
QO x E) = [E 9(y)dy. (14)

Informally, W, (f, g) is the minimal cost of rearranging a unit of mass with distribution f into one with distribution
G, where the cost of moving mass between locations z and y is |z — y|P. The distance W1 (f, g) is also known as the
Earth Mover’s Distance (EMD) between the probability measures f and g [70, 71]. The Wasserstein distances and
their variants have been widely used in statistics, machine learning, image processing, and related areas [50, 51, 59,
9, 52, 58, 38, 8, 55, 46, 10].

The Wasserstein distance is a relaxation of the Monge distance, defined by

1/p
— _ p
M0 = v ([ o~ @@ s o) (19

where T (f, g) contains those functions ® : Q —  such that fE g(x)dx = ftI)—l(E) f(x)dx, that is, which which push
f onto g. Indeed, any ® in T (f, g) induces a measure g in M(f, g), with

[ [le=sratae.s) = [ o~ a@ps)d (16)

and hence W,(f,g) < Mp(f,9). (In fact, when M, (f,g) is finite, equality holds; see [59].) Consequently, if ® is a
smooth bijection on Q and fo(x) = f(P(x))|det(VP(z))|, then ® is contained in T(f, fo), and so

Wolffo) < My(f fo) < ([ Jo = o |”f)> <eul®) ([ 160 dx) (@), (17)

In fact, a more general robustness result may be easily shown, which we state now. The proof is nearly identical
to that found in [54].

Theorem 2.2. Suppose f is a probability density supported on a bounded, open set Q@ C R, and let ® : Q — Q be
a smooth bijection. Let Q be a tomographic projection operator onto a d-dimensional subspace, d < D. Then for all
p=>1,

Wp(Qf, Qfa) < £xc(®). (18)



Proof. An identical proof to that of Lemma 1 in [54] shows that W,(Qf, Ofs) < W,(f, fo) (note that the left side
refers to transportation in R?, and the right side to R”). The bound then follows from (17).
O

It is well-known that Wasserstein distances in 1D take a on a particularly simple form. Denote by V the Volterra
operator [23] on L'([a,b]), defined by

v = [ " foyd. (19)

Then when d = 1, it is known [59] that W, (f, g) may be written as follows:

Wy(f,9) = lVH ™" = (Vg) M lrs. (20)
Here, (Vf)~! denotes the functional inverse of Vf, defined as
(Vf)"H(z) =inf{t € [a,8] = (VF)(t) >z} (21)

When p = 1, it is also true that Wy (f,g) = [|[Vf — Vg||1:.

2.4 Sliced metrics

Given a metric D(f, g) between univariate functions, a value p > 1, and a probability density 7 over the unit sphere
in R?, one can define a corresponding sliced metric SD,, »(f, g) defined between functions f and g of d variables, as
follows:

0,009 = ([ DPus. Pugmn(u))”p. (22)

That is, SD,, ,(f, g) is obtained by averaging the distances between the one-dimensional projections of f and g over
all directions.

Taking D to be the p-Wasserstein distance W, we denote by SW,, ,, the corresponding sliced Wasserstein distance.
Sliced Wasserstein distances have been the subject of considerable research activity in recent years [52, 9, 31, 32,
14, 49, 61]. The work [61] proves that sliced Wasserstein distances are robust to rotations and translations, and also
describes a fast discretization, which we will make use of in the present work.

We prove an analogue of Theorem 2.2 for sliced Wasserstein distances:

Theorem 2.3. Suppose f is a probability density supported on a bounded, open set Q C R, and let ® : QO — Q be
a smooth bijection. Let Q be a tomographic projection operator onto d-dimensional subspace, d < D. Then for all
p=1,

SW,,(Qf, Qfe) < exo(P). (23)

Proof. Without loss of generality, suppose Q projects onto the first d coordinates. Let u € S?~1. It is easy to see
(and will be shown later, in the proof of Corollary 3.2 in Section 3) that (P,Qf)(t) = (P(u,0)f)(t), which is the
tomographic projection of f onto the span of (u,0) € RY x RP~4, Consequently, from Theorem 2.2,

W (PuQf, Pulfs) = Wp(Pru,0)f Plu,o) fo) < €xo(P). (24)

The result now follows by averaging over u.
O

2.5 Wasserstein distances and convolution

In signal and image processing applications, one typically observes signals/images that have been convolved with a
filter induced from the measurement process. It is therefore of interest to understand how metrics behave when their
inputs are convolved by a common function. For Wasserstein distances, we have the following result:

Theorem 2.4. Suppose f, g and w are probability densities on R?. Then for all p > 1,

Wy (f xw, g xw) <Wy(f,9). (25)



This property is referred to by Zolotarev as regularity of the metric [78, 77, 79].1 The result is certainly known
and is easy to prove, though we had some difficulty finding a reference for a proof of the precise statement; for the
reader’s convenience we provide a proof here.

Proof of Theorem 2.4. By Kantorovich duality (see, e.g., Chapter 5 in [71]),

Wy (f,9)" = sup {/f dw+/g(y)w(y) dy}, (26)

(ph)EFp

where F,, contains all pairs (p, ) of integrable functions ¢ and 9 satisfying p(x) + ¥(y) < |x — y|P. Take any such
v and 1. Letting w(z) = w(—z), we have

/ (f #w) () ple) di = / (0% B)(2)(2) d, (27)
and
/ (9 %) (y)b(y) dy = / (6 * D)(2)g(2) d. (28)

For any x and y we have

(wa><x>+<w*a><y>:/w(:c—z)w(y— 2))@ <>dz<|x—y|p/ B(z) dz = [z — yP. (20)

Therefore, (¢ * w, 1 * w) € Fp, and

/ (f * w)(@)p(e) dr + / (9. w) (y)(y) dy = / (0 @)(2)(2)dz + / (@) (2)g(z) dz < W,(f.9),  (30)

and so taking the supremum over all (¢, ) € F, proves the result.
O

Corollary 2.5. Suppose f, g and w are probability densities on R?, and let n be a probability density over S¥1.
Then for allp > 1,

Wy (f *w, g xw) <SW,(f,9)- (31)

Proof. Tt is straightforward to see (and will be shown in Section 3.3) that for any unit vector u in RY, P, (f * w) =
(Puf) * (Pyw). Then from the d =1 case of Theorem 2.4,

Wy (Pu(f * w), Pulg * w)) = Wp((Puf) * (Puw), (Pug) * (Puw)) < Wy(Puf, Pug)- (32)

Averaging over all v € S?~! then proves the result.
O

Remark 3. Young’s convolutional inequality (e.g. see Chapter 8 in [19]) states that the same property holds for the
ordinary LP distances on R?, namely, for f and g in LP and w in L', || f *w — g * w| > < |0z ||f — gllre-

2.6 Cramér and sliced Cramér metrics

Let f be in L'(a,b). For any value 1 < p < oo, we will refer to ||f|v» = ||[Vf||Lr as the Volterra p-norm of f.
Note that, because Vf is in L®(a,b), the Volterra p-norm of f is finite for any function f in L!(a,b). We denote by
Cp(f.9) = |If — gllve the p-Cramér metric (or p-Cramér distance) between functions f and g, named after Harald
Cramér [12, 56, 67].2

Remark 4. While the Cramér metrics are often used to compare probability distributions, they are well-defined for
any f and g in L'(a,b). Our analysis of the Cramér metrics in this paper is not restricted to probability densities.

1An equivalent statement of regularity for a metric D between random variables is that for all random variables X, Y and Z, where
Z is independent of X and Y, D(X + Z,Y + Z) < D(X,Y).
2In [79], Zolotarev refers to the p-Cramér distance more simply as the “Lyp-metric”.



Remark 5. When f and g are probability measures, the co-Cramér metric is also known as the Kolmogorov Metric
between f and g [22]. The Kolmogorov Metric arises in the context of goodness-of-fit testing in statistics [21].
The 1-Cramér metric is equal to the 1-Wasserstein distance, or Farth Mowver’s Distance, between the probability
distributions f and g described in Section 2.3. The 2-Cramér metric is the 1D energy distance [56].

The following result provides a dual formulation of the Volterra p-norm (and hence of the p-Cramér metric) that
will be useful in our subsequent analysis. It essentially appears as Theorem 1 in [41]; because of its key role in this
paper, we provide a self-contained proof for the reader’s convenience.

Proposition 2.6. Let 1 < p < oo and let q be the conjugate exponent: 1/p + 1/q = 1. Then for any function f in
L'(a,b),

1fllve = sup (f,G). (33)
GeAo:||G"||La <1

Proof. First, note that the adjoint transform V* is given by

b
(Wﬂ@:/f@ﬁ (34)

This operator satisfies

Vi g)=(f;V9) (35)
where f and g are two functions in L!(a,b).
By duality of LP and L7, we have:
b
I£lve = Vflir = s [N @ga)ds = swp_ (9= s (£Vg) (30)
gillgllLa<lJa g:llglliLa<1 g:llgllLa<1

Any function of the form V*g is contained in Ay, and any function G in Ay is of the form G = V*g where g = G’
almost everywhere. Consequently:

[fllve="sup (f,V"g) = sup  (f,G), (37)
g:llgllLa<1 GEA:||G'||La <1

which completes the proof.
O

Following the framework from Section 2.4, given a probability measure 7 over the unit sphere S~ c R?, for all
1 < p < oo we define sliced p-Cramér metric between f,g: R? = R as

1/p
Gt = ([ GPu PP anw) (59)
and
Scoo(f7 g) = Scﬂ,oo(fa g) = :chl Coo(Pufa Pug)- (39)

Sliced Cramér metrics have garnered attention in recent years as metrics for comparing probability measures in
machine learning applications [47, 30, 6, 39, 29]. In Section 3, we will study the geometric properties of sliced Cramér
metrics. In Section 4 we will study efficient, Fourier-based discretizations for the 1D and 2D distances (based on
those in [61]) between functions with equal integrals, and prove their robustness to additive heteroscedastic noise.

For a function f of two variables, we define its sliced Volterra norm by

1/p
flsve = ([, 1Pl dnt)) (40)
when 1 < p < 00, and

[fllsvee = [Ifllsvee = sup [[Pufllze~- (41)
ueSd—1
Then for two functions f and g, SC;,(f,9) = [|f — gllsvp-

When 7 is the uniform measure over S?~1, we will denote the sliced Cramér metric more simply as SC,(f, g),
and the sliced Volterra norm more simply as || f||sye.



3 Properties of sliced Cramér metrics

In this section, we will prove that the sliced Cramér metrics defined in Section 2.6 are robust to deformations
of the input functions; more precisely, that the distance between a function and its deformation is bounded by a
monotonic function of the deformations’s maximum displacement. These results are similar in spirit to the bounds
for Wasserstein and sliced Wasserstein distances found in Theorem 2.2 and Theorem 2.3, respectively. Bounds for
general deformations are provided in Theorem 3.1 and Corollary 3.2, in Section 3.1. Sharper bounds are then derived
for more specific deformations in Section 3.2. Section 3.3 analyzes the behavior of the sliced Cramér distances under
convolution of the inputs, stating a bound analagous to Theorem 2.4 and Corollary 2.5.

3.1 Robustness to deformations
We start with a general result that quantifies sliced Cramér metrics’ robustness to deformations.

Theorem 3.1. Let 1 < p < co. Let A and B be non-empty, bounded, open sets in R, f be in LP(A), ®: B — A be
a C1 bijection, and fo(x) = f(®(x))| det(VP®(x))| on B, and 0 elsewhere. Then for any probability measure n over
Sdil,

SCop(fs fa) < 27707 | fllasr - £0 (@) (42)
SChp(fs fo) < 2P7D/P | fllarpce - £5p(®), (43)

and
SChp(f, fo) < I fllpr - ena(@)HP. (44)

Remark 6. For two functions f and g, the same upper bounds hold trivially for [SC, ,(f,g) — SC,, »(fs,g)|. That
is, the theorem bounds the difference between the distances when an input function is replaced by a deformation.

Remark 7. Because f = (f3)p-1 and e(®,u) = (P, u), one can switch the roles of f and fs, and thereby replace
the term || fllyp by win{|fllsz. | falg }, and replace | fllazp== by min{|fllyspe=, | follpiz-= }, for a sharper bound.

Theorem 3.1 is easily extended to comparing tomographic projections of a function and its deformation. This
is of interest when measuring the distance between two 2D projections of a 3D volume, such as in the analysis of
images in cryo-electron microscopy.

Corollary 3.2. Let 1 < p < oco. Let A and B be non-empty, bounded, open sets in RP, f be in LP(A), ® : B — A be
a C bijection, and fo(z) = f(®(x))| det(V®(x))| on B, and 0 elsewhere. For d < D, let Q denote the tomographic
projection operator onto a d-dimensional subspace of RP. Then for any probability measure n over S*1,

SCyp(Qf, Qf ) <207V Q( )| asz - €00 (@), (45)
and
SCyp(QFf, Qfe) < || fllLt - o (®@)/P. (46)
Proof of Corollary 3.2. Without loss of generality, suppose Q projects onto the first d coordinates, that is,
@Nw = [ ey (47)
RD—d
Let u be a unit vector in R%, and let u(?, ..., u(¥ denote any orthonormal vectors completing the basis, so that
for h on R,
(Puh)(t) = / h(tu+ s5u® 4 - + squ®) ds, (48)
Rd—1

10



and so

(Pu(Qh))(?) :/ (OR)(tu + s5u® + -+ + squ®) ds

Rd—1

= / / h(tu + sou® + - + squ'D y) dy ds
Rd-1 JRD—d
= (Pu,0)h) (), (49)

which is the tomographic projection of h onto the span of (u,0) € R x RP~4,
Denote by 7 the distribution over the unit sphere SP~!, supported on S¥~! = {(u,0) € R? x RP=4 : |u| = 1} and
defined by d7j((u,0)) = dn(u) for u € RY. We have

SCap(f.fa) = [ CPuf.Puta)r i)

= /S(H Cp(Pru,0) f> Pru,oy fo )P dn(u)
- / C,(PuQf. PuQfo)P d(u)
gd—1
= SCn,p(Qfa Qf@)p- (50)
Furthermore,
11 = [ 1RSI di)

n SDfl

= [, 1P 17DI, dne

[, 120Ul dnta)
= Q07N .

The inequality (45) then follows by applying (42) in Theorem 3.1 with the measure 7. The bound (46) follows from
(44) and the fact that €51 (®) < 50 (P).
O

The proof of Theorem 3.1 is immediate from the following lemma:

Lemma 3.3. Let 1 <p < oco. Let A and B be non-empty, bounded, open sets in R, f be in LP(A), ®: B — A be
a O bijection and fg(x) = f(®(x))| det(V®(x))| on B, and 0 elsewhere. Then for any u € S1,

Col(Puf, Pufo) < min {2000 Py (f]) 1o - (@ 0), [1f]1s - =(@,)"/7} (52)

Theorem 3.1 follows easily from averaging each side over w.

Proof of Lemma 8.3. Without loss of generality, suppose u = e; = (1,0,...,0); then

U, u) = - . 53
(W, u) (m,y)ﬁ?fRdJI Y1 (,y) (53)

For brevity, if h: R? — R is a function of d variables, let Ph = P,, h. That is,
Pi)(a) = [ hloy)dy. 54)
Rd—1

For (z,y) € RxRI! let I(5,y) be the interval [z, v (z,y)] when < ¢y (2, y), and [¢1(z,y), 2] when 2 > ¥ (z,y);
and let x(z,y,t) be 1ift € I, ,, and 0 otherwise; that is, x(z,y,t) = 1 if either <t <4y (w,y) or ¢1(z,y) <t < x.

11



Step 1. We will show that for all (z,y) € R x R?~1,

/ (@, g, 1) dt < (T, u), (55)

and for all ¢,
/sup x(x,y,t) dx < 2e(V,u). (56)
y

For the first inequality, for fixed (z,y), suppose without loss of generality that x < ¢;(x,y). Then x(z,y,t) =1
if and only if z <t < 1 (z,y), and so

/X(xa:%t) dt = |1/J1($7y) _$| SE(\B’U)7 (57)
which is (55).
For the second inequality: for any x and ¢, sup, x(z,y,t) = 1 if and only if there exists a vector y such that either

x <t <i(z,y) or P1(x,y) <t <z In this case, since |z — 11(x,y)| < (¥, u), we must also have |z —t| < (¥, u),
and so z lies in the interval [t — (U, u),t + (¥, u)] of length 2(¥, u); hence

/Sup x(z,y,t) de < 2e(V,u), (58)
y
which is (56).
Step 2. We will prove that
Cp(Pufs Pufe) <2077 P (IfDLr - (@, u). (59)
Let G € Ag, with derivative g = G’ satisfying ||g||r« < 1. Performing the change of variables w = ®(x,y) gives

/ G(@)(Pfo) () da = / G(z) / (@, )| det(VD(x, )| dy da
R R y:(z,y)EB

- /B G(2) f(®(z,y))| det(VD(x, )| dy

= [ Gtinw) ) v
/ / G ) dyds (60)
and similarly,
/G (Pf)(z dx—//y(zy)EA f(z,y) dy dx. (61)

Combining (60) and (61), and applying Hélder’s inequality,

/R G(@)(P)(x) — (Pfa)(x)) de = / / G (z,9)))f (z,y) dy da

< | (sgpm(m) ~ ot ([ ealar) s

-/ <sgp|c<x> —G<¢1<x,y>>|) P(f1)(x)dz

< IPAfDIzr - ; (62)

La(dz)

Sl;p |G(z) — G(¢1(z,y))

12



where 1/p+1/q=1.
We will show that

< 2(17—1)/?6(\1/7“)’
La(dz)

sgp |G(z) — G(1(x,y))]

which yields (59) by applying Proposition 2.6. We have

P1(x,y)
G(2) — Gl (a,y)] = / o(t)dt

-| [ st o]

Suppose temporarily that 1 < p, ¢ < co. Applying Holder’s inequality and using (55) and (56), we get

[ (swp16t0) — o) o = [ supte) = Gt e

:/sup
y

q
dzx

/ o)y, 1)t

< [ou ([ 1otz ( [ ooty "

< (W, )P / sup / (DX (@, y, 1) dt do
Yy
< e(W, )/ / / 19(0)|7 sup x(z, 4, ) dt do
Yy
=) [lg(ol" [ supx(e.y.t) deds
Yy

< 25(\I/,u)q/p+1/|g(t)|th,

and so taking the ¢-th root we get the bound

st;p|G($) = G(Y1(2,y))]

La(dx)

Now suppose p = 1 and ¢ = co. Then from (55),

Sl;p |G(z) — G(1(z,y))|

=sup|G(z) — G(¥1(z,v))]

L (dx) T,y

= sup
z,y

< |lgllz= sup / (@, g, 1) di
T,y

< lgllz=e(¥,w)
< e(T,u).

/ g(t)x(x,y,wdt\

13

< 21/q€(\1,’u)1/p+1/q||g||m < 2(p—1)/p5(\1,,u).

(67)



Finally, suppose p = oo and ¢ = 1. Then from (56),

Slylp |G(z) — G(Y1(x,y))|

:/sng(:c) - G(1(w,y))| dx

= /sgp’/g(t)x(rv,y,t)dt

<[/ 9(6)| up x(a 1) dr da
= [ 1at0) [ supx(e.y.t)de

L1 (da)

dx

< Iyl sup [ sup x(o,p.t)do
Y

< llgller2e(¥, )
= 2e(P,u).

This completes the proof of (63), and hence proves (59).

Step 3. To conclude the proof, we will prove the inequality

Cp(Puf.Pufe) < |fllpr - e(W,u)'/P.

Let G € Ay, with derivative g = G’ satisfying ||g|/r« < 1. From (62), taking p =1 and ¢ = oo,

[ G@NPI @) - (Pl d < 17112 s1p16) — Gl

and so by using Proposition 2.6, it is enough to show that for all (z,y),
|G(2) = G (2, 9))| < (W, u)"/?.

Holder’s inequality yields

G(a) — Clin(z.))| = \ / g(t)x(a:,y,t)dt’

< s ([ oty dt)l/p
< </ x(,y,t) dt)l/p

< e(T,u)/,

where the last inequality follows from (55). This completes the proof.

Next, we will consider special cases for which quantitatively tighter bounds can be shown.

3.2 Sharper bounds in special cases

(71)

In this section, we consider specific classes of deformations, and prove sharper bounds than (42) and (43) from

Theorem 3.1.
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3.2.1 Rotations in 2D

We consider the case where A = B = D C R?, the open unit disc centered at (0,0). If ® is a rotation around the
origin by angle 6, then the corresponding maximum displacement is ¢(®) = 2sin(6/2), and so the bound (42) in
Theorem 3.1 is

SChp(fs fa) <27V | fllagz - 25in(6/2). (73)

(We do not consider the bound (43), as for this choice of ® it is never stronger than (42).)
We can prove a sharper estimate:

Theorem 3.4. Let 1 < p < oo, and f: R? = R be in LP(D). Suppose 0 < 0 < 7, and define fo by
fo(z,y) = f(zcos(8) + ysin(f), y cos(8) — xsin(h)). (74)

Then for any probability distribution 1 over ST,

SCyp(fs fo) < I llarz - Ap(6), (75)
where
2s5in(0/2) - (2cos(8/2))P=D/P if0 <6 < /2
£y(0) = {200/ 2eos0/2) . /2 -
2sin(6/2)'/?, ifr/2<6<m
The result follows from the following lemma:
Lemma 3.5. Using the notation from the statement of Theorem 8.4, if u is any unit vector in R2, then
ColPuf, Pufa) < IPullF )z - Ap(6). (77)

Theorem 3.4 follows immediately by taking the p-th power and averaging over all u.

Proof of Lemma 8.5. Without loss of generality, suppose v = (1,0). An identical proof to that of Lemma 3.3 may
be applied by replacing the bound sup, [ sup,, X(z,y,t)dr < 2¢(®) from (56) with the bound

2sin(f), f0<6<m/2
Y, t)de < 78
/Sng(xy Jdo {2, ifr/2<60<m (78)

for all |t| < 1. Indeed, when 0 < 0 < /2, we can then replace (63) with the upper bound

< (2sin(0/2))Y/? - (25sin(0))/

Sl;p |G(z) — G(Y1(z,y))]

La(dx)
= (2sin(0/2))Y/7 - (4sin(0/2) cos(6/2))*/4
= 25sin(0/2) - (2 cos(0/2))/
= 2sin(6/2) - (2cos(h/2))P~1)/P (79)
whereas when 7/2 < 6 < 7 the bound becomes
sup |G (x) — G(¢1(z,y))| < (2sin(0/2))Y/P - 217 = 25in(6/2)1/". (80)
Y La(dz)

The bound [ sup, x(z,y,t)dz < 2 is immediate, since the integrand is bounded by 1 and the integral is over
|z] < 1. Hence it remains to show that

/sup x(x,y,t)dz < 2sin(f) (81)
y
whenever 0 < 0 < /2.
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Let ¢ = cos(f) and s = sin(6). Note that in this case, ¢ > 0 and s > 0; and the rotation ®(x,y) = (cx+sy, cy —sx),
with inverse U (z,y) = (cx — sy, cy + sx).
Take |t| < 1, and suppose, without loss of generality, that 0 < ¢ < 1. It is enough to show

951 — 12 ifo<t<ec
sup x (. . 8) di < ; < _ 82
/pr( v:1) {1ct+sm, fe<t<l "

Indeed, the right side of (82) is decreasing in ¢ and so is maximized when ¢ = 0, which yields the desired bound (81).
We now show (82). For 0 <t < 1, let S; denote the set of all z, |z| < 1, satisfying sup, x(z,y,t) = 1. Then

Jsup, x(x,y,t) dz = [S;].
Lemma 3.6. Let 0 <t < 1.

1. Suppose t < x. Then x € S if and only if cx — sv/1 — 22 < t.
2. Suppose x <t. Then x € Sy if and only if t < cx + svV/1 — x2.

Proof. First suppose that ¢t < z. If € Sy, then there exists y with x(x,y,t) = 1, that is, for which (z,y) € D and
P1(x,y) = cx — sy <t < z. Since cx — sy only gets smaller as y grows, we can always take y = v/1 — 2. The
converse is immediate.
Next suppose that z < t. If x € Sy, then there exists y for which (z,y) € D and x <t < cx — sy. Since cx — sy
only gets bigger as y shrinks, we can always take y = —v/1 — 22. Again, the converse is immediate.
O

Lemma 3.7. Let 0 <t < 1. Then for allz € S;, x > ct — sv/1 — 2.

Proof. We will break this into two cases, depending on whether x <t or z > ¢.
Case 1. z < t. By Lemma 3.6, cx + syv/1 — 22 > t. Therefore, sv/1 — 22 > t — cz and since we assume z < t,
t — cx > 0; therefore, squaring each side gives

s2 — s%2% > 12 + *a® — 2cta, (83)
and hence
x? — 2ctr + 1% — 52 <0, (84)

and since the roots of the polynomial are z = ct & sy/1 — 2, in particular it follows that > ct — sv/1 — ¢2.
Case 2. z > t. In this case, the result follows immediately from the inequality ¢t — sv1 — 2 < ct <t < .
O

Lemma 3.8. Suppose that 0 <t < c. Then all x € S; satisfy v < ct + sv/1 — t2.

Proof. First, note that the assumption 0 < ¢ < ¢ implies that ¢t < ct + sv/1 —t2. Indeed, the latter inequality is
equivalent to t(1 — ¢) < sv/1 —#2, and which is equivalent to t? + t2c®> — 2ct? < s% — t252, which is equivalent to
2t2(1 —¢) < s> =1—c* = (1 — ¢)(1 + ¢), which is equivalent to 2¢t* < 1 + ¢, which is immediate from 0 <t < ¢ < 1.

Now, let z € S;. If z < ¢, then x < ¢t + sv/1 — t2 as well, by what we have just shown. Therefore, we can suppose
instead that x > t. By Lemma 3.6, cx — sv/1 —x? < ¢. Note that cx — sv/1 —x? is an increasing function of z.
Hence, if x > t satisfies

cx — sV 1—a?=t, (85)

then for all ' > x, we have 2/ > t and cz’ — s4/1 — (2/)? > t, and hence by Lemma 3.6 2’ ¢ S;. For x > t satisfying
(85), we have

czftzsm

Ax? 412 — 2ctr = 5% — s%a2?
2?2 —2ctr+t2—s2=0
x=ctts\1-—1t2

r=ct+sV1—1t2, (86)

L1l
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where the last implication is because x > t. This completes the proof.
O

From Lemmas 3.7 and 3.8, when 0 < t < ¢, all x € S; lie between ct — sv/1 —t2 and ct + sv/1 — t2; hence
|S:] < 2sv/1 —t2. On the other hand, when ¢t > ¢, by Lemma 3.7 all € S; must lie between ¢t — sv/1 — ¢2 and 1;
hence |S;| <1 — ¢t + sv'1 —t2. This concludes the proof of (82), and hence of Lemma 3.5.

O
3.2.2 Monotonically increasing deformations in 1D
When d = 1, the bounds (42) and (43) in Theorem 3.1 become
Co(fy fa) <2077 | fl| o - 2(@). (87)

Now we show that the factor of 2(P~D/P can be removed when the deformation ® is monotonically increasing.

Theorem 3.9. Let 1 < p < oo. Let I and J be non-empty, bounded, open intervals in R, f be in LP(I), ®:J — I
be a Ot bijection with inverse ¥ and ®'(z) > 0 on J, and fo(x) = f(®(x))®'(x)) on J, and 0 elsewhere. Then

Co(f, fa) < [[fllzr - £(®). (83)

Remark 8. To see that the monotonocity of ® is required for this sharper bound, consider the following example.
Fix n > > 0, and let f be defined by

1, if —np<x<0,

0, otherwise.
Let ® : [—0,d] — [-n,n] be defined by ®(x) = —(n/d)z. Then

_n/s, if —6<z<0,
fo(x) =< n/d, if0<z <4, (90)

0, otherwise.

Then it is straightforward to verify that e(®) = n+ 9, ||f|lr~ = 1, and Coo(f, fo) = 2n. By taking 6 — 0, we see
that the bound Coo(f, fo) < 2||f||Lee(P) is tight.

Proof of Theorem 3.9. Let I, be the interval [z, U(x)] if x < U(x), and [¥(x),z] if U(x) < z. Let x(x,t) be 1 if
t € I, and 0 otherwise. Then an identical proof to that of Lemma 3.3 may be applied if we show that

sgp/x(m,t)dm < e(P), (91)

in place of the bound (56).

Take any ¢ € I, and suppose that there is some x < ¢ with ¢ € I,; note that for such z, I, = [z, U(z)], and so
x < U(z). Let «* be the smallest such x. Then z* <t < ¥(z*). We claim that for all x > ¢, ¢ ¢ I,. Indeed, since
U is increasing and « > ¢t > «*, we have ¥(z) > ¥(z*) > ¢. Since both x >t and ¥(z) > t, t does not lie in I, as
claimed.

Consequently, all z for which ¢ lies in I, are contained inside the interval [x*,¢]. Since z* < ¢t < ¥U(z*) and
|x* — U (z*)| < (D), it follows that |t — x*| < e(P) too. Furthermore, if © > t, then x(z,t) = 0 since ¢t ¢ I,; and
since x* is the smallest « for which t € I, if x < * then ¢ ¢ I, hence x(z,t) = 0. Therefore,

/x(x,t)dm < /t lde = [t — 2| < £(3). 92)

*

Analogous reasoning yields the same bound in the case that there exists x > t with ¢t € I,,. This completes the

proof.
O
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3.2.3 Translations

We consider the case where ®(x) = x + v, where v is a fixed vector. For simplicity, we only describe the case where
7 is the uniform measure, though the results easily generalize. In this case, the bounds (42) and (43) from Theorem
3.1 are, respectively,

SCy(f, fa) < 2072 || fllare - [o] (93)

and

SCy(f. fa) <207 /P K- | fllae - [o], (94)

1/p
K, = < / g P du) . (95)
Sd*l

We show that the factor 2=1/P can be removed:

where

Theorem 3.10. Let 1 < p < co. Let A be a non-empty, bounded, open set in R?, and f be in LP(A). For a fized
vector v, let f,(x) = f(x +v). Then

SCp(f; fo) < I fllazv - [v] (96)

and

SCp(fs fo) < Kp - | fl[naveo - [0], (97)
where K, is defined in (95).

Remark 9. When p =1, SC(f, f») = SW1(f, f»), and so the bound (97) when p = 1 and d = 2 matches the p =1
case of Theorem 2 of [61].

Proof of Theorem 3.10. By a straightforward calculation, for any u € S, (P, f,)(t) = (Puf)(t + (v,u)). Conse-
quently, by Theorem 3.9,

CP(Pufu Pufv) < ”Puf”L” ’ ‘<Uau>| (98)
Then
SCAL L < [ WPl Vol du <o - [ IPufI du < o - ol (99)
which is (96); and
SO L < swp IPufll - [ 0P du < Ky g -0l (100)
u€eSd—1 -1
proving (97).
O

3.2.4 Dilations

Suppose B C R? is the open unit ball in R? centered at 0. Let ®(w) = aw, where a > 1. Then £(®) = a — 1, and so
bound (42) Theorem 3.1 is

SCyp(f, fo) <2070 || f|lag - (= 1). (101)

(We do not consider the bound (43), as for this choice of @ it is never stronger than (42).)
We can prove a sharper estimate:
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Theorem 3.11. Let 1 < p < oo, and let f be in LP(B). Suppose o > 1, and define fo by fo(w) = af(aw). Then
for any probability distribution n over ST,

a—1

SCop(f, fa) < | fllnaz - PR (102)
The result follows from the following lemma:
Lemma 3.12. Using the notation from the statement of Theorem 3.11,
Co(Puf, Pufe) < IPulliDlls -~ (103)

Theorem 3.4 follows immediately by taking the p-th power and averaging over all w.
Proof of Lemma 3.12. Without loss of generality, suppose u = (1,0,...,0). It is enough to show that for all |¢| < 1,

-1
/ sup x(@,y,t)dzr < (104)
yG]Rd*I «

this estimate can then be used in place of (56) in the proof of Lemma 3.3.

Without loss of generality, suppose 0 < ¢t < 1. Let S; denote the set of all z, || < 1, satisfying Sup,cga—1 X(7, ¥, t) =
1. If x € Sy, then & < ¢ < aur; since ¢ > 0, this restricts « > 0 as well, and S; = (t/a,t), so |S;| = t(1 — 1/«), which
is maximized at ¢ = 1; thus

-1
/ sup X(m,y,t)dmﬁl—l/a:L, (105)
yERd—1 [0

as claimed. Using this estimate in place of the bound [ sup,cga-1 x(2,y,t) dx < 2¢(®) gives the final bound

a—1

1/q o —
CPuf,Pufe) < 1P Dot~ 17 (2 ) T = 1Pl - 57

oW-D/p’ (106)

completing the proof.

3.3 Sliced Cramér distances and convolutions

In this section, we remark on the behavior of the sliced Cramér distance after convolution of its input functions.
This situation occurs commonly in signal and image processing, where one typically observes signals that have been
convolved with a function induced from the measurement apparatus. The bound we provide is analogous to Theorem
2.4 and Corollary 2.5 for Wasserstein and sliced Wasserstein distances, respectively. It essentially appears already in
[74]; however, because this work states the result in terms of the distance between random variables (or equivalently,
between probability distributions) we find it valuable to explicitly state and prove the generalization to arbitrary
functions.

Theorem 3.13. Let 1 < p < co. Suppose f,g,w : RY — R are compactly supported and in LP, and let n be a
probability measure over S*~1. Then

SCyp(f*w,g*xw) < ||w||MT11,p -SCyp(f, 9)- (107)

Remark 10. An immediate corollary to Theorem 3.13 is the bound SC, ,(f * w, g * w) < ||w|/z: - SCy, p(f, g). This
essentially appears as Theorem 5 of [74] (though it is stated in terms of the distance between random variables).
The special case where d = 1 is shown in [6], Theorem 2. Theorem 3.13 is a straightforward generalization of these
results.

Proof of Theorem 3.13. We first show the result for d = 1, that is, for when f, g and w are functions on R. We will
show that

Cp(f xw, g w) < [lw|[Lr - Cp(f, 9)- (108)

19



Let H be in Ay, with |H’||z« = 1. For any s, |H'(u+ s)||a(au) = 1 too. Then using Proposition 2.6,
(Frw=grw ) = [(F - g)xw)OHE) i
— [ [t = a)te = sputs) s o ae
= [t [ -9t - 9w duas
— [ [ - 9w+ ) duds
< ullersup | [ (7 = )0 H(u + 5)

< H’LU”Lle(f,g), (109)

and (108) now follows by taking the supremum over all such H and invoking Proposition 2.6.
We now turn to general d > 1. First, observe that P,(w * h) = (Pyw) * (Py,h): indeed, by the Fourier slice
theorem,

~ o —

(Pu(w * h))(§) =

\
—~
g
*
=
—
Ay
£

WhI(E), (110)

and so, taking inverse Fourier transforms, P, (w * h) = (Pyw) * (P,h).
From the 1D bound, we then have

Cp(Pu(w * ), Pu(w * g)) = Cp((Puw)  (Puf), (Puw) x (Pug))
< ”Puw”Lle(Pufa Pug) (111)

Taking p-th powers and integrating over u gives the result.

4 Discretizations and robustness to noise

In this section, we will describe Fourier-based discretizations of the Cramér distance and the 2D sliced Cramér
distance, with respect to the uniform measure over S', between functions with equal integrals, and analyze their
robustness to additive Gaussian noise. More precisely, we will show that, given vectors of noisy samples from two
smooth functions, the discrete distance approximates the distances between the smooth functions only, removing the
effect of the noise as the number of samples grows.

While they may be useful, these results are not especially surprising; indeed, the Cramér distance itself involves
applying a smoothing filter to each input, which, by averaging the samples, naturally has a denoising effect. The
denoising property is also of interest in contrasting with Wasserstein and sliced Wasserstein distances, which, because
they are defined between probability measures, do not naturally induce distances between vectors sampled from a
signal-plus-noise model.

We remark that in this section, we assume that the noiseless functions are C'*°. This assumption is made
to simplify the analysis and statements of the theorems; the same results would hold under significantly weaker
smoothness assumptions.

4.1 Robustness to noise in 1D

We define a discrete approximation to the 1D Volterra norm, which then yields an approximation to the Cramér
distance. Let a < b and let L = b — a be the interval length. Let n a positive integer; we will assume for simplicity
that n is even. Let x € R"™; the reader should think of = as having entries z[j] = f(¢;), j =0,...,n—1, where f is a
function supported on [a, b], and where t; = a + jL/n.
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Define the values «[k] (the normalized discrete Fourier coefficients of x) by

alk] =

3t

n—1
> afjle /L, (112)
)

~

for all integers k. Then for —n/2 <k <n/2 -1, f(k/L) = alk].
When 0 < |k| < n/2, define

alk]

Blk] = ik (113)

and when k£ = 0, define

Bl]=— Y Blke*/E, (114)
0<|k|<n/2

—

Then the S[k] approximate the Fourier coefficients of Vf: (Vf)(k/L) = S[k].
Define the function v, (¢t) by

1 n/2—1

va(t) = 7 > Blk]eE, (115)

k=—n/2+1

(Note that we do not define S[£n/2], because the terms they would contribute to v,(t) would either be purely
imaginary or 0, depending on the convention.) Then for all ¢, v,(t) =~ (Vf)(t).
We then define the discrete Volterra p-norm of the vector = as follows:

1/p
I n—1
Vp(o) = [ = lwa(ty)l” (116)
j=0
when 1 < p < 00, and
Veol(z) = max |vg(t;)] (117)

0<j<n—1

when p = co. Given two vectors x and y in R", we then define their discrete Cramér distance as

~

Cp(2,y) = Vp(z —y). (118)

Remark 11. Using the Fast Fourier Transform (FFT) and the inverse FFT (IFFT) to evaluate the afk] and v,(t;),
respectively, the entire computation described here can be performed at cost O(nlogn).

We can now state the main result from this section, which says that the discrete Cramér distance is robust to
additive heteroscedastic Gaussian noise:

Theorem 4.1. Suppose f and g are C™ functions on R that are supported on [a,b], and satisfy f; f= ffg. Let

Z[0], Z[1],...,Z[n—1], Z[0],..., Z[n — 1] be independent Gaussians, where each Z[j] has mean 0 and variance o3,
2.

and each Z[j] has mean 0 and variance Gj, and suppose o satisfies

1 1
~D oo 5 <ot (119)

for all n. Let X, and Y, be vectors in R™ with entries X,,[j] = f(t;) + Z[j] and Y, [j] = g(t;) + Z[j]. Then:
1. Ezpected error: There are values A, B > 0 such that for allc >0, n>2, and 1 < p < oo,

E Hép(xn,yn) — G, g)H < Aam(%@@ n % (120)

where m(p) = max{1/2 — 1/p,0}.
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2. Concentration bound. There are values A, B,C > 0 such that for all o >0, ¢t >0, and n > C/t,

P (‘ép(xn,yn) —C,(f, g)’ > t) < A exp (—thj) (121)

for 1 <p<2, and

]P’(‘(A]p(Xn,Yn)—Cp(f,g)‘ zt) <A-n-exp (_BZt;> (122)

for 2 < p < 0.

3. Almost sure limit. For all 1 < p < oo, ép(Xn, Y,) = C,(f,g9) almost surely as n — oo.

Remark 12. Tt is straightforward to extend the definition of (A?p(x,y), and the results from Theorem 4.1, to the
setting where x and y contain samples of f and g taken on different grids, by interpolating the estimated Volterra
transforms onto a common grid.

Remark 13. Because v,(t) can be evaluated at any ¢, not just the initial grid points, one could replace the definition
of V,(z) from (116) with any scheme for numerically integrating |v,(¢)|P over [a, b].

Theorem 4.1 is an easy corollary of the following two results:

Proposition 4.2. Suppose f is a C™ function on R that is supported on [a,b] and satisfies f:f =0. Let z € R"”
have entries z[j] = f(t;), 0 < j <n—1. Then there is a value C > 0 such that

C
Va(@) = llfllvel < — (123)
foralll <p<ooandn > 2.
Proposition 4.3. Let Z[0], Z[1],...,Z[n], ..., be independent Gaussians, where each Z[j] has mean 0 and variance
ajz,' and suppose o > 0 satisfies
1 n—1
- > oF <o’ (124)
=0

for all n. For eachn > 1, let Z, = (Z|[0],...,Z[n—1]). Then:

1. Expectation bound. There is a value C > 0 such that for allc >0, n>2, and 1 < p < oo,

1 m(p)

E[V,(Za)] < Caog(yﬁ , (125)

where m(p) = max{1/2 —1/p,0}.

2. Concentration bound. There are values A, B > 0 such that for allc > 0,t >0, and n > 2,
nt?
P{V,(Z,) > 1} < A-exp (—Bag> (126)
for1<p<2, and
+2

P{V,(Z,) >t} <A n-exp (—BZQ) (127)

for 2 < p < oo.

3. Almost sure limit. For all 1 <p < oo, V,(Z,) — 0 almost surely as n — co.

We now show that Theorem 4.1 follows from Propositions 4.2 and 4.3:
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Proof of Theorem 4.1. Tt is enough to show the analogous results for the Volterra norm of f alone; we can then
replace f by f —g. Let z[j] = f(t;), 0 <j <n—1,sothat X, = x + Z,,. We have

Vp(Xn) = I fllv, = Vp(z + Zn) — I fllv, < Vp(x) = I fllv, + Vp(Zn), (128)
and
Vp(Xn) = | fllv, = Vp(z + Zn) — I fllv, = Vp(@) = Ifllv, = Vp(Zn), (129)
and therefore
V(X)) = £, | < V(@) = Ifllv,| + Vp(Zn). (130)

The expected error bound (120) is then 1mmed1ate, as is almost sure convergence. To show concentration, since
[Vp(z) = [[fllv,| < C/n we have, for 1 < p < 2,

P{|Vp(Xa) = Ifllv, | > t} <P{|Vp(x) = [Ifllv, | + Vp(Zn) > t}
< P{V( n) = t—C/n}

< Aexp <—B"2(t_0/")2> , (131)

o2

and we then use t — C/n > t/2 when n > 2C/t to show (121). The case 2 < p < oo is identical.

We now turn to the proofs of Propositions 4.2 and 4.3.

4.1.1 Proof of Proposition 4.2

Lemma 4.4. Let r > 1. Then there is a constant C > 0 such that for all even n > 2 and |k| < n/2,

Jafi) — Fk/0)] < <. (132)

n

Proof. Write the Fourier series expansion of f:

:% i Fle/L)e>me/ L (133)

l=—00

For |k| < n/2, we have

i
I}

S|

f(tj)ef%riktj/L

I
= o

3 .
|

i ]?Z/L 27ilt /L —2mikt; /L

S\H
Il

) L ')

n—1
J’E(E/L)Z 2mi(6—k)t; /L
7=0

-1
Y 2ri(—k)a/L K 27mi(—k)(t;j—a)/L
f(t/L)e e
=00 §=0

'] n—1
_ l Z f(z/L)eQﬂ-i(E—k)a/L Z eQ-rri(Z—k)j/n
n

{=—00 j=0

J

BM—‘

¢ ”M8

3\>—‘

= Z f(K/L)BZTri(e_k)a/L(Sf:k modn

l=—o00

_ Z ]/c\(g/L)GZﬂi(ka)a/L
= f(k/L) + > Fle/L)emi=kalL (134)

0:4+#k, =k modn
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Because f is C™, |f(k/L)| = O(|k|~"), and so

ol - /< Y |Fwn)

L:A#k, =k modn

> \f((kﬂn)/m]

jeZ\{0}

<C
Z +Jn|

e
_ ¢ 3 v

"oy Ml

C

< 135
<& (135)

where the series is bounded by a constant because |k/n| < 1/2, and where C' may change from line to line (but never
depends on n). This completes the proof.

O
Corollary 4.5. For all r > 1, there is a constant C' > 0 such that for all |t| < L and evenn > 2,
C
va(t) = (VA < . (136)
Proof. Take any q > r. Applying Lemma 4.4 with ¢ in place of r, we have:
_ ol = f(k/D)|
2mikt/L 2rikt/L ’ og(n)
S Bl > Ohk/DeT <o Y < (137)
0<|k|<n/2 0<|k|<n/2 0<|k|<n/2
Since f is C*, |f(k/L)| = O(|k|77), and therefore |(/Vf\)(lc/L)\ = O(|k|~971), and so the tail may be bounded
T}\ k L 2rmikt/L < C 1 < O 138
> OGN/ <0 Y <o (139)
|k|>n/2 |k|>n/2

Therefore, for any s,

Z ﬁ[k]e%riks/L_Z(T)-f\)(k/L)(aQ‘rriks/L < Z (ﬁ[kﬁ] —(T}?)(k/L))€2ﬂikS/L + Z (T)?)(k/L)e%riks/L
0<|k|<n/2 k#0 0<|k|<n/2 |k|>n/2
< > |pm-mnwm)|+ Y [VHe/D)
0<|k|<n/2 [k|>n/2
< cloi(q”). (139)
Taking s = a,
B0 - 0RO = | X B S DRy meel | < o (140)
0<|k|<n/2 k#0
and consequently, since log(n)/n? < C/n",
velt) = VN0 < [810) - RO +| X BRI - SSDHK LT < S0 an
0<|k|<n/2 k0
O
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Lemma 4.6. Suppose G has Lipschitz constant bounded by A on [a,b], let L =b— a, and

k
tr=a+—-L, 0<k<n.
n

Then for any 1 < p < oo,

I n—1 1/p
<n > G(tk)P> —Glle| <
k=0

and, when p = oo,

L1+1/p
A

)

L
max |G(tg)] — |G|lr~| < —A.
0<k<n n
Proof. First, suppose 1 < p < oo. For brevity, let
L n—1 1/p
T,=|— P .
n (n Z ‘G(tk” >
k=0
For each 0 <m <n—1, let
L 1/p
(5) " 16t
and
tont1 1/p
R, = (/ |G ()P d:v)
tm
Then
n—1 1/p
m=0
and

n—1 1/p
IGllr = (Z IRm|p> :
m=0

The Mean Value Theorem ensures that there is some ¢},

r = (£
n

Since A bounds the Lipschitz constant for G,

|Sm - Rm| =

)
)

L
n
L
n

IN

(
(

IN

S (L)W G

in the interval [t,,, t,,+1] satisfying

)1/,, Gl

n

1G(tm)] = 1G(t5)]]

1/p
1/p

Altr — £

I 14+1/p
&)
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Consequently,

n—1 1/p n—1 1/p
T = [|Glle | = (Z |5m|p> - (Z Rm|p>
m=0

m=0

n—1 1/p
m=0

[it1/p
=— A. (152)

This completes the proof when p is finite. The proof for p = oo follows by taking the limit p — oo and using the

convergence of the p-norm to the co-norm.

We now complete the proof of Proposition 4.2. When 1 < p < oo, from the triangle inequality

V(@) = [l £llve]

From Corollary 4.5, the first term is

IA

IA

O
1/p
—[[fllve
1/p o 1/p [ ool 1/p
-1, D IVHE)P 5 dIvHE)P —[[fllve
j=0 j=0
1/p 1/p
L n—1
12378 5, Sl =V fllee|- (153)
j=0

O(1/n"), r > 1; and from Lemma 4.6, the second term is O(1/n). Since the

constant is bounded with p, the case p = oo is obtained by taking the limit as p — co.

4.1.2 Proof of Proposition 4.3

First, we note that the third part of the Proposition (almost sure convergence) follows immediately from the second
part (the concentration bound) by using the following well-known corollary of the Borel-Cantelli Lemma (see e.g.

Chapter 2, Section 10 of [63]):
Lemma 4.7. Let Ry, Ro, ...

Then R, — 0 almost surely.

be a sequence of random numbers. Suppose that for all € > 0,

i]P’{Rn > €} < oo. (154)

n=1

Recall that the vectors a and 8 are defined as follows:

and when k£ = 0,

% i e 2kt /L _pj2<k<n/2-1, (155)
7=0
k
Bl = 5oty 0 I <n/2 (156)
Bloj=— > Blke* /b, (157)
0<|k|<n/2
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Define the random vector W by W[j] = vz(t;), that is,

n/2—1
1 .
Wihil=1 Y. BT, (158)
k=—n/2+1
for 0 <7 <n—1. Then for 1 <p < oo,
S 1/p
L ,
VP<Zn) = n Z |W[.7]|p ) (159)
j=0
and Voo (Zy,) = |[W]|so-
It will be convenient to define the auxiliary vector X by
Xljl= Y BlkemE, (160)

0<|k|<n/2

Then W{j] = (X[5] + 5[0])/L.

Expectation of V,(Z,), 1 < p < 2. The following result may be found (in more general form) in Chapter V of
[80]:

Lemma 4.8. There is a constant C > 0 such that for any positive integer m and real number A,

" sin(kA
>

k=1

<C. (161)

We use Lemma 4.8 to bound the variance of each entry of X. For a fixed 0 </ <n—1,
Z ﬁ[k‘}ez”it@kﬂ
0<|k|<n/2
_ i Z k] p2mitek/L
k

2mi
0<|k|<n/2

X4

— i Z l £ Z[j]eﬂmktj/L p2mitek/L
i k\n“
0<|k|<n/2 §=0
12 n—-1 e2mik(e—j)/n
27in Z M Z k
Jj=0 0<|k|<n/2
L2 nil 2] n/il sin(2m (¢ — j)k/n) (162)
"~ 27in 4 J k )
7=0 k=1
By Lemma 4.8, and the independence of the Z|j],
by LA (MR sin(2n (0 — j)k/n) i 02
E[|1X[]%] = C— Zaj ’ <CL'—. (163)
j=0 k=1
Similarly, we have
n—1 n/2—1 . .
L k] orikasL L? . sin(27jk/n)
_ _ vl 2wika — _ S 2T R /1) 164
Blo] — > e p ZZ [J] . , (164)
0<|k|<n/2 §=0 k=1
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and again using Lemma 4.8,
2

s "2 Gin 2mjk/n o2
E [|8[0]]?] = C— > o % < CL4? (165)

Since Wj] = (X[j] + B[0])/L, it follows that

E[W[j)*] < CL*>—. (166)

Consequently,

E[V2(Z,)*] = EW[j]*] < CL*—, (167)

and therefore, using Jensen’s inequality,
E[V(Z,)] < VEV2(Z,)?] < OLW%. (168)
Since V,(Z,) < LY/P=Y/2V4(Z,) for 1 < p < 2, we then have

E[V,(Z,)] < CLlH/p%. (169)

Expectation of V,(Z,), 2 < p < co. We start with a simple bound on the moment generating function of the
absolute value of a Gaussian random variable, whose proof is provided for the reader’s convenience:

Lemma 4.9. Suppose Y is a mean zero mean Gaussian with variance 7. Then E [esm} < 2e7°/2 for all s.
Proof. Since the moment generating function of Y itself is E[e*Y] = e’/ 2 we have the bound

E [esm} — eV /27 g1l gy

1 oo
V2T [oo
1 > 2
=2 e Y /2Ty g
2T /0 Y

<2 L /00 e~V /2T g5y dy
2T )

= 27512, (170)
0

From (163), the variance of X[¢] is bounded above by CL*0?/n. Therefore, for any s > 0, using Jensen’s
inequality, we have

ElslXllee] <« | 'esnxum}

= E |max eS|X[£”]
¢

<E nf esxm]
L{=0
n—1
-YE [g\xw}
=0

<mn max E{eslx[é]l}
— 0<é<n—1

<97 max 652Var(X[€])/2
= 7 0<t<n—1

< 2nels Lie%/n (171)
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and so, taking the logarithm of each side,

log(n sLto?
B ] < € (B 4 20, (172)
s n
and taking s = 01 L=2,/nlog(n) then gives the bound
2 log(n)
E[1X ] < CL0y/ 50, (173)

It is straightforward to show the same bound for §[0], and since W[¢] = (X[¢] + 8[0])/L and Vo (Z,) = ||[W]|co, it
follows that

E[Veo(Zn)] < CLo

@. (174)

Now, for any 2 < p < o0,

1/p 1/p
n—1 n—1
L . _ L ) -
- (n§ IWW> < Wi (ni IWW) = Va(Z)*" Voo (Za)' 727, (175)
Jj=0 Jj=0

and so with » = p/2 and s = (1 — 2/p)~!, by Holder’s inequality
E[Vy(Z0)] S E [Va(Z0)*? - Voo (Za) =]
1/r o 1/s
)

= (E[Va(Z))*? - (E[Voo(Za)])' "
olog(n)t/2-1/p

= CL'tYP 176
NG (176)
Concentration of V,(Z,), 1 <p < 2. First, observe that for each k # 0,
2 ZZ —271'1kt /L 2mikt; /L
n—1
L2 Z + L~ Z Z —27r1]ct /L 27ikt; /L (177)
- 2
=0 n i#£]
and taking expectations then gives
727
E [ =3 Z = (178)
=0
Therefore, for k #£ 0,
4 0°
E [|BK]]"] < CL'—. (179)

Let ¢[k] = Re(B[k]) and ¢[k] = Im(5[k]), 0 < k < n/2. Also let cg[j] = cos(2mkt;/L) and si[j] = sin(2nwkt; /L),
1<k<n/2—1. All n — 2 vectors ¢, and sj, are pairwise orthogonal with ||ck||2 = [|sk||l2 = v/n/2. Then

Xl=2 Y [elklenli] - olklsilil], (180)

0<k<n/2
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and so || X3 = 2n(||¢||3 + ||*]|3), and therefore
Va(Z,)? = (L/n)|[W][3
= (L/n)||X/L|3 + (L/n)|B[0]/L|?
= | X[3/(nL) + |B[0}*/(nL)
= (2/L)ll¢ll3 + (2/L) %13 + [BI0][*/(nL). (181)

The n — 2 variables ¢[k] and [k] are independent Gaussians with zero mean, and respective variances
o2

— 4
7.kl = E [p[k]’] < CL 5 (182)
and
2 4 0°
Tulk] = E [v[k]*] < CL 5 (183)
where the bounds follow from (179). Let 7 = (7, 7). Then
o2
Irllee < CL*— (184)
and
4 n/2-1
ot ol
17113 = N7 13 + I 13 < CL* — Z 1 SO (185)
Furthermore,
n/2-1 n/2-1 n/2-1 52 0_2
Bl + 10l = 30 7l + 30 meli < 3 Ot Fg <ot (156)
k=0 k=0
Let A = ||¢||3 + [|9[|3. From Lemma 1 in [33], for any ¢ > 0
P{A = E[A] > 27|2vE+ 2|7t} < exp(~1), (187)
which easily implies the one-sided subexponential tail bound, namely that for any s > 0,
. s . [ n?s® ns
P{A —E[A] > s} < exp (—Cmm { EEERE }) <exp (—Cmm {W, W}) ) (188)
where C is a universal constant. Since E[A] < CL*0?/n, it then follows that for any s > 0,
9 9 . [n?s® ns
P{2/L)llel3 + /D)3 > s} < exp ( —Cming 75—, 75 (189)
for all n > L302/s. It is straightforward to prove the same bound for (1/nL)A3[0]%; and so by (181),
. [n?s® ns
]P{VQ(Zn)2 2 S} S 2eXp <—len{L604, W}) 5 (190)

and consequently, for all ¢ > 0
. n2t*  nt? nt?

for all n > L3¢ /t2. When n < L30?/t2, then the right side of (191) is bounded below by a postive constant, and so
for sufficiently large A > 0 the bound

P(V,(Z4) > 1} < Aexp (cL”tU) (19

is valid for all t > 0 and n > 2.
Since V,(Z,) < LYP=1/2V4(Z,,) for all 1 < p < 2, it follows that

nt?
P{Vy(Zn) >t} < Aexp <_CL2+2/P(72) (193)

forallt > 0 and n > 2.
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Concentration of V,(Z,), 2 < p < oo. Since each W[j] is Gaussian with variance bounded by C'L?¢%/n (by
(166)), standard Gaussian tails bounds imply

nt?
uw1>w<2mp(cL%Q (194)
(e.g. see Chapter 2 in [72]). Since Voo (Zy,) = ||W]|co, by the union bound, therefore,
nt?
>t) < >t) < —= | .
P(Veo(Zn) > 1) ", nax. 1IP’(\W[ jll >t 2nexp< CL202> (195)
Furthermore, for all 2 < p < oo, since V,(Z,,) < L'/?V,(Z,) we have the bound
nt?
P(Vp(Zy) > t) < 2nexp —Cm ) (196)

as desired.

4.2 Robustness to noise in 2D

We turn now to the discrete approximation of the sliced Cramér distance in 2D, with respect to the uniform measure
over S!. We follow the discretization described in [61], which uses a non-uniform discrete Fourier transform to
compute the Radon transform of the input functions. Let R > 0 and L = 2R. Let n a positive integer; throughout
this discussion, we will assume for smlph(nty that n is even. Let z € R"” = R" x R™; the reader should think of z as
having entries ac[z, jl = f(tistj), 4,5 =0,...,n—1, where f: R? — R is a function supported on the disc of radius R
centered at the origin and Where tj =—R+2Rj/n.

For 6 € [0, ), define the values

2
ay [k] — % l'[i7j]€_2ﬂ-ik(ti cos(0)+t; Sin(@))/L‘ (197)
n i
Then for —n/2 < k < n/2, aglk] ~ F((k/L)cos(9), (k/L)sin(0)) = (Pof)(k/L).
For 0 < |k| <n/2, let
_ aglk]
Bolkl = 5 /T (198)
For k£ = 0, define
Bolo) == Y Bolkle > E = — X" Bylk](—1)". (199)
0<|k|<n/2 0<|k|<n/2
Define v,(t,0) by
1 n/2—1
— 2mitk /L
va(t.0) = ¢ > Bolkle”mHE (200)
k=—n/2+1

Let 8y = wl/n, £ =0,...,n — 1. We then define the estimated sliced Volterra norm for 1 < p < oo to be

1/p

1"’L— L n
= (2 ) (201)

and

SV (z) = o max vz (t5,00)]- (202)

Given two vectors x and y, define their sliced Cramér distance to be

SCy(x,y) = SVy(x — v). (203)
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Remark 14. Using a non-uniform Fast Fourier Transform (NUFFT) (for example, see [16, 17, 18, 24, 4, 5]) to
evaluate the g, [k] and the v, (t;,60;), the entire computation described here can be performed at cost O(n?logn).
In our implementation, we use the Flatiron Institute NUFFT (FINUFFT) [4, 5].

We can now state the main result from this section, which says that the discrete sliced Cramér distance in 2D is
robust to additive heteroscedastic Gaussian noise:

Theorem 4.10. Suppose f and g are C™ functions on R? that are supported on the disc of radius R > 0 centered

at the origin and satisfy [po f = [po 9. Let Z[j, k], Z[j,k], 0 < j,k < n —1, be independent Gaussians, where each

Zj, k] has mean 0 and variance Jf-k, and each Z[j, k] has mean 0 and variance 5]2'1& and suppose that for alln, o >0
satisfies '

n—1ln—1 n—1ln—1

%ZZO’?;C-F%ZZ&JZkSUQ. (204)

k=0 j=0 k=0 j=0
Let X,, and Y, be vectors in R™ with entries X, [j, k] = fts,te) + Z[j, k] and Y, [, k] = g(t;,te) + Z[j, k]. Then:
1. Ezpected error: There are values A, B > 0 such that for alloc >0, n>2, and 1 < p < oo,

. m(p)
E [|SC, (X0 v2) 80, (£.0)| < 40" B (205)
where m(p) = max{1/2 — 1/p,0}.

2. Concentration bound. There are values A, B,C > 0 such that for allc >0, t >0, and n > C/t,

—~ n2t?
P (|88, (X0, ¥2) - 8Cy(1.0)| 2 1) < d-exp (-5 1) (206)
for1 <p<2, and
—~ 242
P (|50 060 12~ Sy ()] 2 1) < A -exp (-8 ) (207)

for 2 < p < 0.
3. Almost sure limit. For all 1 <p < o0, S/ap(Xn, Y,) = SC,(f,g) almost surely as n — oo.
As in the 1D case, Theorem 4.10 is an easy corollary of the following two results:
Proposition 4.11. Suppose f is a C™ function on R? that is supported on the disc of radius R > 0 centered at the
origin, and [p, f =0. Let 1 < p < oo, and let x € R™ have entries x[j, k] = f(t;,tx), 0 < j,k <n—1. Then

C
ISVp(@) = I fllsvel < — (208)

where C' > 0 does not depend on n.

Proposition 4.12. Let Z[j, k], j, k > 0, be independent Gaussians, where each Z[j, k] has mean 0 and variance G‘?k,'
and suppose o > 0 satisfies

% Z > 0% <o, (209)

for all n. For eachn > 1, let Z, € R™ have entries Z|[j, k|. Then:
1. Expectation bound. There is a value C > 0 such that for allo >0, n > 2, and 1 < p < o0,

E[SV,(Z)] < CUM, (210)

where m(p) = max{1/2 — 1/p,0}.
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2. Concentration bound. There are values A, B > 0 such that for allc > 0,t >0, and n > 2,

242
P(SV,(Z) > ) < A-exp < Bt) (211)
forall1 <p<2 and
n2t2
P(SVy(Z,) >t) < A-n?-exp ( BUQ) (212)

for all 2 < p < oo.

3. Almost sure limit. For all 1 <p < oo, SV,(Z,) — 0 almost surely as n — oo.

4.2.1 Proof of Proposition 4.11
Lemma 4.13. For all r > 2, there is a C' > 0 such that

— C
aglm] = (Pof)(m/L)| < — (213)
forall0 <60 <7, n>2, and |m| < n/2.
Proof. We write the Fourier expansion of f:
1 TS
=12 5> Flk/L £/ L)e2mEkHt0/1 (214)
kL

Suppose [£] < n/(2L) and |v| < n/(2L). Let fe.(s,t) = f(s,t)e*%i(sgﬂ”). Then E(@,w) = A(go + &Y+ v),
and so

f(S, t)6727ri(s£+tu) _ fg,u(s, t)

= 5 S Fenlh/ L (/L)1
k.0

1 ~ .
= 73 2 FB/L+ &4/ L+ p)ePmeert/r, (215)
k,f
and consequently
Li Z b/ L+ €0/ + 1)e2mis(6/ L+ +(E/ L)) (216)
kit
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Therefore,

2
L2 Zf(ti’tj)e—%ri(ti{-l-tju) _ % E E J/c\(k,/L + £7€/L + V)eZTri(t,y(k/L—i-f)—&-tj(Z/L+y))e—27ri(t,-£+tju)
n n
4,7 i,j kt

1 -~ .
= SO FU/L A £ L+ v/ D)
ST e
-y iz Zf(’f/L £, 0L + v)e2mi((Li/n=R)k/L+(Lj/n=F)t/L)
n

k.l ,J

_ Z % Zf(k/L £, 0L + v)e2mi(~ R/ Ltki/n—Rt/ L+ £ /m)
n
k0 i,

n2 4
0.

- Zf(k/L+§,€/L+y)(_1)k+4i o 2milki+(j)/n
k£

- Z f(k/L + 57 E/L + V)(fl)k+z(sk:0modn6£:0 modn
k.l

= Z J?(CH/L +&,dn/L+ y)(fl)(c+d)/n
c,d

=&, v)+ > Flen/L+¢€dn/L+v)(-1)(tD/m, (217)
(¢,d)€Z2\{(0,0)}

o~

Since f is C*, |f(&)] = O(J¢]7"), and so the series can be bounded

R 1 r/2
> |ferrednjiin<c 2 ((cn/L+£)2+(dn/L+y)2)

(e,d)€Z2\{(0,0)} (e,d)€Z2\{(0,0)}
L 1 r/2
=C— Z ( 5 2) ) (218)
" (¢,d)€Z2\{(0,0)} (c+&L/n)?2 + (d+vL/n)

Since |¢] < n/(2L) and |v| < n/(2L) and r > 2, the series is bounded by a constant. Taking £ = (m/L) cos(f) and
v = (m/L)sin(), and using that m < n/2, completes the proof.

O
Corollary 4.14. For all r > 2, there is C' > 0 such that
C
[va(t,0) = (VP f) ()] = — (219)
for all0 <0 < and |t| < L.
Proof. Let ¢ > r. For all t and 6, applying Lemma 4.13 with ¢ in place of r gives
1 : 1 (PoS)(k/L) om C 1
- k 2ritk/L _ — 2ritk/L| 2 -
Z Bolkle Z 2mk/L © — nd Z ||
0<|k|<n/2—1 0<|k|<n/2—1 0<|k|<n/2—-1
1
< olog). (220)
n4
and the tail can be bounded
S~ oD/ oriya| | /L) con(O). (/L) 500) o
2mk 2mk
|k|>n/2 |k|>n/2
1
<C ka+1
|k|>n/2
<C L 221
<ol (221)
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Similarly, for all 6,

ST (Pof) (/L) Pof)(k/L)| _ log(n)
- < _ AT < .
Bl = VPO < 3 (Bl = g Y | SO (222)
0<|k|<n/2—1 |k|>n/2
It then follows that for all ¢ and @,
1 C
a(t.0) — (VP )] < OB < O (223)
nd n”
where C' does not depend on 6, t or n.
[
We now complete the proof of Proposition 4.11. For brevity, let G(y,0) = (VPy f)(y), i.e
Yy R
= / / f(scos(9) + tsin(8),tcos(f) — ssin(6)) dt ds. (224)
-RJ-R
Then from Corollary 4.14,
1/p 1/p 1/p
n—1 n—1 n—1 n—1 n—1 n—1
1 L 1 L 1 L
- (n PIEDD |G<tj7ez>|p> = (n =Y |um<tj,ag>|p) - (n PIEDD |G<tj7ez>|p>
(=0 7=0 £=0 7=0 (=0 7=0
1/p
n—1 n—1
1 L
< | = =
= (nz n 4 [va(t),0e) — G(t5,00)] )
{=0 7=0
C
< —. 22
<© (225)
Note that G(y, #) is uniformly Lipschitz in y. Indeed,
Yy R
|G(y,0) — G(z,0)] < / / f(scos(0) + tsin(d),t cos(f) — ssin(f)) dt ds
z —R
< fllooLlz = yl. (226)
Consequently,
1 n—1 R 1/p 1 n—1 I n—1 p
il P _| = = _ P
(n /_RIG(tﬁe)l dt) - > - Z IG(t,00)]
=0 =0 7=0
1 n—1n—1 tit1 p 1 n— ln 1 t;+1 1/p
~ 2 / cword | — |2 / Glt;, 00" di
n - ts TL t;
=0 j=0""14 £=0 j=0
1 n—1ln—1 tit1 1/p
*ZZ/ Gt 60) — Gt 00)|7 dt
£=0 j=0"1
1 n—1n—1 1/p
< —_t.|P
e (25 [ i tea
{=0 j=0""J
<l L2/, (227)
n
Therefore, from (225),
1 n—1 R 1/p C
\% —| = t,0¢)|P dt < — 22
SV, () (n;/_Rm(,m ) <% (229)
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where C' > 0 is independent of p and n.
Next, note that G(y, 8) is uniformly Lipschitz in 6: indeed, because f has bounded derivative, for all (s,t) in the
disc of radius R and for all 0 < 0 < T,

|f(s,t) = f(scos(8) + tsin(), tcos(0) — ssin(0))| < |||V f|lloo Lsin(6/2), (229)

and so for any y between —R and R,

1G(y, G(y,0) < / / f(scos(8) + tsin(0),tcos(f) — ssin(h))| dt ds
< IV £l L? sin(6/2). (230)
Let I,(0) = |VPofllr = ||G(-,0)||Lr. Then for each £ =0,...,n — 1, with 8, = 7nf/n, and all 0 < 0 < T,

| 1,(0) — I(0e)| = [IGC,0)llze — IG(-, 00)| v |
<IG(,0) = G-, 00) | v

R 1/]’
- ( / G(t.0) - G(u@)pdt)
-R

<V fllloL*T/P sin(m/(2n)).
1

S OV flllao L¥HP—. (231)
n

We then have

| [ (R 1/p

— G(t,0)|P dtdo / G(t,0,)|P dt

(2 Loecoran) - ([ ownra)

1 Ort1 R 1/p nl Ooi1 1/p
= || - / / |G(t,0)|P dt do — / / G(t,0,)|P dt do

T =0 Jo -R 0¢

n—1 0 1/[3 n—1 0 /p

1 £+1 1 £+1

— L,(0)" do ol 1,(0,)" do

(Rl o) (R [ o)

£=0

IA

/N
G
M1

1
ClIV fllloe L7, (232)

that is,

n—1 .R 1/p
1 g1/l
||fsw—<n2 / G(t,em')dt) < CIIV fllloo 17~ (233)

=07 —R
Combined with (228), we get

¢
n )

I Fllsve = SVp(z)| < (234)

where C' does not depend on p or n. The result for p = co then follows by taking the limit as p — co.

4.2.2 Proof of Proposition 4.12

First, we note that the third part of the Proposition (almost sure convergence) follows immediately from the second
part (concentration bound) by using Lemma 4.7, as in the 1D case.
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Recall that the vectors ay and [y are defined as follows:

L? . :
ag [k] — ﬁ Z Z[i,j]€727rlk(ti cos(0)+t; s1n(0))/L’ —7?,/2 <k< 7?,/2 —1,
2%

(6 7:) [k‘]

Bolk] = 2mik/L’

-n/2<k<n/2,

and when k£ = 0,

Bolo] =~ > Bolkl(—1)".

0<|k|<n/2
Define the random vector W by W([j,{] = vz(t;,0,), that is,

n/2—1

) 1 it
Wlj, 0] = T Z Be, (k]2 tik/L
k=—n/2+1
for 0 < j <n—1. Then for each 1 < p < o0,
I3 n—1n—1 1/p
SVp(Za) = | 3 > > WA |
£=0 j=0
and SV (Zy,) = |[W/|oo-
We define the auxiliary vector X by
X[], Z] _ Z ﬂel [k]ezﬂ'itjk?/L.
0<|kl<n/2

Note that W[}, 4] = (X[4, ] + Bs,[0])/L.

Expectation of SV,(Z,), 1 <p <2. For fixed 0 <i,{<n-1,

Z 592 [k]eQﬂ'itik/L

0<|k|<n/2

X[i, 4]

- (&

L Z g, (k] omitik/L
i
0<|k|<n/2
_ S Sz
2min? - ’
0<|k|<n/2 7,5’
n/2—1

6727rik:(tj cos(0¢)+t; sin(@g))/Le%ritik/L

x| =

3 N | |
= 2nin? ]2]; 213,7'] Z e sin(k2m(t; cos(0e) + ;s sin(0e) —t;)/L).

k=1
Therefore, since the Z[j, j'] are independent, and using Lemma 4.8,

n—1
1 o?
- 912 6 § 2 6
j=

A nearly identical argument shows

o2
E [18s[0]]°] < CL°—5
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as well, for any 6. Since W[j,¢] = (X[J,¢] + Bp,[0])/L, it then follows that

2

, o
E [W[j, %] < cﬁﬁ (244)
Consequently,
L n—1ln—1 0_2
21 _ 12 5
E[SV2(Z,)7 = Z D _EWLO7 <L, (245)
j=0 £=0
and so by Jensen’s inequality,
E[SV,(Z.)] < VEBV,(Z.)7] < OL°2. (246)
If 1 < p <2, then SV, (Z,) < L'?~1/28V,(Z,), and so
E[SVp(Zn)] < CLM/p%. (247)

Expectation of SV,(Z,,), 2 < p < co. Using the bound (242) on the variance of each X[j, ], an identical argument
to (171) shows that for each s > 0,

CElsllXll] < on2eCs Lo0” n (248)
and taking s = 0 ~'L™3n+/log(n) gives the bound

E[[|X|a] < 0L307Vl‘;;‘:"(7”‘). (249)

It is straightforward to show the same bound for each Sy, [0], and since W}, £] = (X[, €] + Bp,[0])/L and SV (Z,) =
[IW |00, it then follows that

V1
E[SVoo(Zn)] < CL%%(”). (250)
For any 2 < p < oo, as in (175),
SV, (Zn) < SVo(Z,)*P - SV oo (Z,)1 277, (251)

and so, just as in the 1D case, with r = p/2 and s = (1 — 2/p)~!, by Hélder’s inequality we have

E [SVp(Zn)] <E |:SV2(Zn)2/P . SVoo(Zn)l_Q/p}
L 1/s
<E |:SV2(Zn)27"/p:| ‘£ |:SVOO(Zn)S(1—2/p)i|
= E[SVa(Z)]"/? - E[SVao(Z,)]' 2
1/2—1/p

olog(n)
) SR =L A 252

Concentration of SVp(Zn), 1 <p<2. The first lemma is a standard result about the concentration of averages
of subexponential random variables. A proof is included for the reader’s convenience.

Lemma 4.15. Suppose R, R, ..., Ry, are (not necessarily independent) subexponential random variables, that is,
there are positive T1, ..., Tm such that for all t > 0,
P{[Rg| > t} < 2exp{—t/7}. (253)

Let R=3";", Ry/m. Then R satisfies the tail bound
P{IR) > t} < 2exp{—Ct/7). (254)

where T =Y 1., Tx/m and C > 0 is a universal constant.
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Proof. By Proposition 2.8.1 in [69], there are universal constants A, B > 0 such that for each k,

Ari < || Rk|ly, < By, (255)
where || Ry, = inf{K >0 : ]E[e‘RkVK] < 2} is the subexponential Orlicz norm of Ry. Because || - ||, is a norm,
the triangle inequality implies

1 m
1Rl < — > IRkl < Br. (256)
k=1

Applying Proposition 2.8.1 from [69] to R gives
P{IR| >t} < 2exp{—At/|R||y,} < 2exp{—(A/B)t/7}, (257)

as claimed.

First, observe that for each k # 0,

L? ; ; L2 ; .
‘Oég[k'”z _ = Z Zli, i/]€72m(tikcos(0)+ti/ sin(6))/L = Z Zl:j,j/}€72ﬂ-lk(tj cos(0)+t; sin(6))/L

- -,
1, 757

L4
=— Z Zli,i']? + cross-terms (258)

i

and taking expectations and using E[cross-terms] = 0 then gives

E [|ovo[K] Za < L4—. (259)
Therefore, for k # 0,
o2
E [|80[k]]"] < CL® 5. (260)
For 0 < k < n/2, let polk] = Re(Bylk]) and vo[k] = Im(Bg[k]), and let ck[j] = cos(2w / ) and sg[j] =
sin(27kt;/L). Then all n — 2 vectors ¢ and s, are pairwise orthogonal, and ||cg|l2 = ||skH = y/n/2. Then
X[ =2 > [ lKlexli) - o, sl (261)
0<k<n/2
and
Wlj, ¢ = 2 ] L 262
=1 Y [ealklenls] = o, (Klsils]] + 7 a0 (262)
0<k<n/2
Note that, || X[, £][|3 = 2n([le,II3 + [[¢0,[I3)-
Define the random vector V' € R™ by
VIO = (2/L)we, |13 + (2/L) ¥6, |13 + (1/nL)Be, [0]*. (263)
Then
1 n—1
SVy(Z,)% = - VI[()?. (264)
=0
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Fix ¢ between 0 and n — 1. The n — 2 variables ¢y, [k] and 1)y, [k] are pairwise independent Gaussians with zero
mean and, by (260), respective variances

2

o
Tou, (K] = E [0, [k]*] < CL® -5 (265)
and
2 6 o’
T, k] =E [L/Jge [k] ] <CL oy (266)
Let 7o = (74, , Ty, ). Then
6‘72
Imelloe < CLO 5 (267)
and
2 2 2 12‘74 g 1 12C’4
I7ellz = lI7go, 12 + 170, 2 < CL=— 7 <SCL = (268)
n k n
k=1
Furthermore,
n/2—1 n/2—1 n/2—1 o2 o2
E [||</79@||§ + ||¢94||%] = Z Too, [k] + Z Tipo, [k] < Z CrL® n2k2 < CLGE (269)
k=0 k=0 k=0

Let Ay = ||@a,|13 + ||106,]|3- As in the proof of the 1D case, from Lemma 1 in [33], for any s > 0,

) s? s ) nts?  n2s
P{A; —E[A;] > s} <exp <—Cm1n{ }) < exp <—C’m1n {lea‘“ W}) , (270)

17ell3 el

where C is a universal constant. Since E[A,] < CLS50%/n?, it then follows that for any s > 0,

9 9 . nis?  n?s
PLC/Dligo B + /D) a3 > 5} < exp (~Cmin{ L 754, (1)

for n > L%/?0/\/s. Tt is straightforward to prove the same bound for (1/nL)3y,[0]?; and since V[{]? = (2/L)| e, ||3 +
(2/L)Ipe, 13 + (1/nL)Bo, (0],

4.2 2 2
2 . n-s n-s n-s

for n > L%%a/\/s.
Since SVo(Z,)? = (1/n) Y)=) V[(]?, Lemma 4.15 gives

n2s
P{SVy(Z,)* > s} < 2exp <—OL502> (273)
n > L%?0/\/s, or equivalently, for all t > 0,
n2t?

for all n > L5/20/t. When n < CL‘E’/ZU/t, the right side is bounded below by a positive constant, and so for some
sufficiently large A > 0, the bound

n?t?
P{SV2(Z,) > t} < Aexp (CL502> (275)

is valid for all ¢ > 0 and n > 2.
Since SV, (Z,,) < LY/P=1/28V4(Z,) for all 1 < p < 2, it also follows that
n2t?
P{SV,(Z,) > t} < Aexp (—BW) ; (276)

forallt > 0 and n > 2.
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Concentration of SV,(Z,), 2 < p < oco. Using (244), each W{j,¢] is Gaussian with variance bounded by
CL*c?/n?, and so standard Gaussian tails bounds (e.g. see Chapter 2 in [72]) imply

. n2t?
P(W[j, 4] > ) < 2exp <_OL402) . (277)

Since SV oo (Z,,) = [|[W||co, by the union bound, therefore,

242
>t) <n? i, )| > t) < 2n? o),
P(SVao(Zn) >t) <n ogﬂz}zflp(‘wb’m > 1) < 2n”exp < CL402> (278)
Furthermore, for all 2 < p < oo, since SV, (Z,) < LY/PSV.(Z,), we have the bound
5 n?t?

as desired.

..
cenn
e

0 0

Figure 1: Functions used in the experiment described in Section 5. Left: the source function f. Right: the target
function g.

o
.
o

Figure 2: Examples of the deformations applied to the source function f (left panel of Figure 1) in the experiment
described in Section 5.1. Left: translation. Middle: rotation. Right: dilation.

5 Numerical results

In this section, we report on numerical experiments that examine the robustness of the sliced Cramér, sliced Wasser-
stein, and Lebesgue distances for functions of two variables. We focus on two functions, f and g, shown in Figure 1.
The function f, shown on the left, will be referred to as the “source” function, and the function g, on the right, will
be referred to as the “target” function. Both f and g are convex combinations of isotropic Gaussian functions; f is
a combination of 20 Gaussians, while ¢ is a combination of 12 Gaussians. Although f and g are, strictly speaking,
not compactly supported, they are numerically supported on a wide enough rectangle [—r,r] x [—r,r], where in this
case we take r = 2.5; the width of each Gaussian function comprising f and g is r/500.
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Figure 3: Results of the experiment described in Section 5.1, showing the distances from the translated source
function to the target function as a function of the translation size.

The centers of the Gaussians comprising f are arranged in a 5-by-4 grid, whose centers lie equispaced in the
rectangle [—r/6,7/6] x [—r/6,7/6]. The centers of the Gaussians comprising g are arranged in a 4-by-3 grid, whose
centers also lie equispaced in the rectangle [—r/6,r/6] x [—r/6,7/6].

We assign non-uniform weights to the Gaussians comprising each function to break rotational symmetry. The
weights assigned to the Gaussians in f may be described as follows. Assigning the numbers 1 to 5 to the rows going
from top to bottom, and assigning 1 to 4 to the columns going from left to right, the weight assigned to the Gaussian
in position (¢, j) is proportial to 1/i2 4+ j2. The weights are assigned to the Gaussians in g similarly.

5.1 Robustness to deformations

In our first set of experiments, we examine how the distances between f and g change as f undergoes deformation.
For each metric D, we compute the distances D(fs,, ), where @5 is a deformation depending on a single parameter
d > 0, such that ®q(x) = = and the displacement of ®5 grows with §. The distances D are the sliced p-Cramér, sliced
p-Wasserstein, and p-Lebesgue, for p = 1,2, 10. We consider three types of deformations: translations, rotations, and
dilations. Examples of these are displayed in Figure 2. In all examples, we evaluate the distances for 25 deformation
parameters, using samples on a 500-by-500 grid.

Figure 3 shows the distances D(fs,, g) as a function of the translation size ¢, where ®s(x,y) = (z + J,y). Figure
4 shows the distances D(fg,,g) as a function of the rotation angle ¢, where ®s(x,y) = (z cos(d) — ysin(9), z sin(d) +
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Figure 4: Results of the experiment described in Section 5.1, showing the distances from the rotated source function
to the target function as a function of the rotation angle.

ycos(d)). Figure 5 shows the distances D(fs,,g) as a function of the dilation parameter § > 1, where ®5(x) = dz.

From the plots, it is evident that the sliced p-Cramér and sliced p-Wasserstein distances exhibit similar behavior.
Both metrics also change more smoothly than the Lebesgue distances as the deformation parameter changes, partic-
ularly for translation and rotation. For dilation, the Lebesgue 1-distance quickly becomes large and nearly constant,
likely because the supports of the two functions become nearly disjoint as one is dilated. On the other hand, the
Lebesgue p-distances for p > 1 appear to vary more smoothly with the dilation parameter; this is because the p-norm
of the dilated function grows with the dilation size, and so the distance in this case is due to the growing size of the
single function, rather than providing any meaningful information about the relationship between the two functions.
By contrast, the sliced p-Cramér distance does not grow arbitrarily big as the norm grows; see Remark 7 after the
statement of Theorem 3.1.

5.2 Robustness to noise

Next, we examine the robustness of the sliced Cramér distances to additive noise. We consider the functions f and
g from before, and add Gaussian noise to the samples of g on a grid of size n = 512. We then compute both the
sliced Cramér distances and the Euclidean distances between the rotation of f and the noisy samples of g. The noise
standard deviations are chosen to be o = 0.5,1.0,1.5. The distances are averaged over 10 runs of the experiment.
The resulting plots are shown in Figure 6. It is evident that the sliced Cramér distances are quite robust to noise at
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Figure 5: Results of the experiment described in Section 5.1, showing the distances from the dilated source function
to the target function as a function of the dilation size.

this sample size, in the sense that though the distances between f and the noisy samples of g are inflated, they still
closely track the distances between the noiseless functions (the curve where o = 0).

For a more quantitative exploration of the effect of noise on the sliced Cramér distances, we show the following
experiment. For increasing values of n, we sample the functions f and g on a grid of size n-by-n, and add Gaussian
noise with standard deviation .01 to the samples of g. For p = 1,2,10, we evaluate the sliced p-Cramér distances
between f and the noisy samples of g. For each n, the experiment is repeated M = 1000 times. We estimate the true
distance d between f and g by evaluating them on a grid of size 2048-by-2048, and measure the average absolute
relative error between the noisy distances dj and d:

M
"l
€Ty, p = M T
k=1

These value are plotted against n? in the right panel of Figure 7 (shown in log scale). We also measure the average
sliced Volterra p-norms of the noise itself, plotted against n? in the left panel of Figure 7. The average errors decay
approximately like O(1/n) as n increases (that is, the slopes of the plots are close to —1/2), consistent with the error
rate established in Theorem 4.10.

(280)
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Figure 6: Results of the experiment described in Section 5.2, showing the distances between the rotated source
function and the noisy target function as the rotation angle increases and for different noise levels.

6 Conclusion

This paper has proven a number of properties of sliced Cramér distances, showing that these metrics are robust to
geometric deformations and noise. Similar geometric robustness properties are shared by Wasserstein distances and
their variants; consequently, our results suggest that sliced Cramér distances may be a useful alternative to such
distances, especially in applications where the functions being compared are not probability measures or when they
are corrupted by noise. In other applications, Wasserstein-type distances may be more appropriate, particularly
when the optimal transport (and not just the minimal cost) is of interest.

Because they both exhibit robustness to deformations, it is natural to explore applications of the sliced Cramér
distances to problems where Wasserstein and sliced Wasserstein distances have been used previously. For example,
one such area is analysis of data from cryo-electron microscopy (cryo-EM), in which one observes two-variable
projections of a three-variable volume (a molecule), at unknown viewing directions, from which the volume is to
be determined [64, 7, 15]. Wasserstein-type metrics have been proposed for clustering images and parameterizing
volumes in cryo-EM [66, 54, 73, 61]. However, the high noise level in cryo-EM images limits the applicability of
Wasserstein distances on real data. Because they share many of the same theoretical advantages, it is therefore
worthwhile to explore whether sliced Cramér distances are a suitable alternative. Sliced Cramér distances may
also be appropriate for heterogeneity analysis in cryo-EM [76, 20, 40, 2, 34, 60, 68, 35], as has been proposed for
Wasserstein distances [54].

At the core of the sliced Cramér distances are, of course, the 1D Cramér distances. These are quite simple
objects, computed by applying a smoothing filter to the input functions and then evaluating their ordinary Lebesgue
distance. It seems likely that one could prove similar robustness results for metrics based on other families of filters.
In fact, a number of metrics that have been proposed in recent years are of this type [45, 44, 37, 36, 62, 43]. In
future work, we will explore whether such metrics exhibit similar robustness properties as the sliced Cramér and
Wasserstein metrics.

Finally, in certain applications one seeks not only robustness to all deformations, but invariance to a specific class
of deformations, such as rotations and/or translations [61, 54, 75]. In principle, any metric can be made invariant
to a specified set of deformations by simply minimizing the distance over the class of deformations. In some cases of
practical interest, such as rigid alignment, this minimization can be done with only small extra computational cost
[61, 53]. In the context of the present work, this raises several interesting questions. First, it is known that in the
presence of noise, alignment accuracy deterioriates [57, 1]; studying how invariant distances behave under noise, or
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Figure 7: Results of the experiment described in Section 5.2, showing the average errors as a function of number of
samples (in log scale). Left: noise-only. Right: signal-plus-noise.

more generally in any setting where alignment cannot be done to high precision, is therefore of interest. Second, a
natural question is how introducing invariance to one class of deformations, such as rotations, impacts robustness to
other deformations. Questions along these lines will be pursued in future work.
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